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Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ

Êëàññè÷åñêèå òåîðèè öåíîîáðàçîâàíèÿ îïöèîíîâ áàçèðóþòñÿ íà ãèïîòåçå ñî-

âåðøåííîãî ðûíêà. Â ðàìêàõ ýòîé ãèïîòåçû íåò çàòðàò íà èñïîëíåíèå è ó÷àñò-

íèêè ðûíêà èñïîëüçóþò òîëüêî ñëîæèâøèåñÿ íà ðûíêå öåíû è íå ìîãóò ñâî-

èìè îïåðàöèÿìè îêàçàòü âëèÿíèÿ íà öåíû � íè âðåìåííî, íè ïîñòîÿííî.

Ýòè ïðåäïîëîæåíèÿ, íåñìîòðÿ íà î÷åâèäíîå ïðîòèâîðå÷èå ðûíî÷íîé

ïðàêòèêå, äîâîëüíî øèðîêî èñïîëüçóþòñÿ è ðåçóëüòèðóþùèå ìîäåëè äàþò

ïîëåçíûå ðåçóëüòàòû òîãäà, êîãäà áàçîâûé àêòèâ ëèêâèäåí è íîìèíàë îïöè-

îíà íå ñëèøêîì áîëüøîé äëÿ ðûíêà.

Îäíàêî, â ñëó÷àå îïöèîíîâ äëÿ íåëèêâèäíîãî àêòèâà èëè áîëüøèõ íî-

ìèíàëîâ îòíîñèòåëüíî îáû÷íî òîðãóåìîãî îáúåìà íà ðûíêå óæå íåëüçÿ èñ-

êëþ÷àòü èç ðàññìîòðåíèÿ âëèÿíèå íà ðûíîê è çàòðàòû íà èñïîëíåíèå.

Èíòåðåñ ê èçó÷åíèþ ìîäåëåé, êîòîðûå ó÷èòûâàþò çàòðàòû íà èñïîë-

íåíèå, âûçâàí òåìè ñèòóàöèÿìè, êîãäà öåíà âûñîêî÷àñòîòíîãî õåäæèðîâà-

íèÿ(high frequency hedging cost) íåäîïóñòèìî âîçðàñòàåò èç-çà çàòðàò íà èñ-

ïîëíåíèå, â òî âðåìÿ êàê íèçêî÷àñòîòíîå õåäæèðîâàíèå âåäåò ê áîëüøèì

îøèáêàì èëè ïîãðåøíîñòè îòñëåæèâàíèÿ.

Ñòåïåíü ðàçðàáîòàííîñòè òåìû èññëåäîâàíèÿ

Âîçìîæíî, îäíîé èç ïåðâûõ ðàáîò ïî öåíîáðàçîâàíèþ îïöèîíîâ áûëà äèñ-

ñåðòàöèÿ Ë. Áàøåëüå [12] 1900-ãî ãîäà. Ë. Áàøåëüå ðàññ÷èòàë öåíû îïöèîíîâ

íà àêöèè, ïðåäïîëàãàÿ èçìåíåíèå öåíû áàçîâîãî àêòèâà (àêöèè) ïî çàêîíàì

áðîóíîâñêîãî äâèæåíèÿ, è ñðàâíèë èõ ñ òåêóùèìè öåíàìè.

Â 1965 ã. Ï. Ñàìóýëüñîí [39] áûëî ïðåäëîæåíî äëÿ îïèñàíèÿ äèíàìèêè

öåíû àêöèé èñïîëüçîâàòü òàê íàçûâàåìîå ãåîìåòðè÷åñêîå (ýêîíîìè÷åñêîå)

áðîóíîâñêîå äâèæåíèå.
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Ãåîìåòðè÷åñêîå áðîóíîâñêîå äâèæåíèå ïîñëóæèëî îñíîâîé äëÿ ìîäåëè

Áëýêà � Øîóëçà � Ìåðòîíà (1973) [15, 16, 35] è øèðîêî èçâåñòíîé ôîðìóëû

Áëýêà � Øîóëçà.

Ââèäó òîãî, ÷òî ìîäåëü Áëýêà � Øîóëçà íå ó÷èòûâàåò çàòðàòû íà èñ-

ïîëíåíèå è âëèÿíèå ñäåëîê ó÷àñòíèêîâ ðûíêà íà òåêóùèå öåíû, èññëåäîâàòå-

ëÿìè àêòèâíî èçó÷àþòñÿ èçìåíåíèÿ â ìîäåëè, êîòîðûå ìîãóò èõ ó÷èòûâàòü.

Âîçíèêëî äâà ïîäõîäà ó÷åòà âëèÿíèÿ ñäåëîê íà öåíû.

Ïåðâûé ïîäõîä îáû÷íî íàçûâàåòñÿ ïîäõîäîì ¾êðèâîé ïðåäëîæåíèÿ¿

(the ¾supply curve¿ approach). Îí ó÷èòûâàåò âëèÿíèå íà öåíó òîðãóåìîãî àê-

òèâà îïåðàöèé áîëüøîãî îáúåìà èëè íåäîñòàòî÷íîé ëèêâèäíîñòè. Äàííûé

ïîäõîä áûë ðàçðàáîòàí è ïîëó÷èë äàëüíåéøåå ðàçâèòèå â ðàáîòàõ P. Bank

è D. Baum (2004) [13] , U. �Cetin, R. Jarrow è P. Protter (2004) [22, ñì. �4],

U. �Cetin è L. C. Rogers (2007) [23, ñì. �6].

Âòîðîé ïîäõîä èçó÷àåò íàáëþäàþùèåñÿ íà ïðàêòèêå ñèòóàöèè, ñâÿçàí-

íûå ñ âëèÿíèåì äåëüòà-õåäæèðîâàíèÿ (äèíàìè÷åñêîãî õåäæèðîâàíèÿ) íà äè-

íàìèêó áàçîâîãî àêòèâà è âûòåêàþùèì èç ýòîãî ýôôåêòîì îáðàòíîé ñâÿçè íà

öåíó îïöèîíà. S. Grossman (1998) [30] íàïèñàë îäíó èç ïåðâûõ ðàáîò ïî äàííî-

ìó íàïðàâëåíèþ. Òàêæå èçó÷åíèþ ýòîãî ïîäõîäà ïîñâÿùåíû ðàáîòû E. Platen

è M. Schweizer (1998) [37], P. Sch�onbucher è P. Wilmott (2000) [40], R. Sircar

è G. Papanicolaou (1998) [41] .

Â ðàáîòå H. E. Leland (1985) [32] ïðåäëîæèë îäíó èç ïåðâûõ ìîäåëåé,

ó÷èòûâàþùèõ òðàíçàêöèè ïðè îïðåäåëåíèè öåíû îïöèîíîâ. Ìîäåëü G. Barles

è H. M. Soner (1998) [14], ó÷èòûâàþùàÿ òðàíçàêöèîííûå èçäåðæêè è ôàêòîð

íåïðèÿòèÿ ðèñêà õåäæåðîâ, áûëà ïîëó÷åíà ïðè èñïîëüçîâàíèè àñèìïòîòè-

÷åñêîãî àíàëèçà. Â ðàáîòå J. Cvitani�ñ è I. Karatzas (1996) [25] ïðè ïîìî-

ùè ìàðòèíãàëüíîãî ïîäõîäà ïîëó÷åíà ôîðìóëà äëÿ ðàñ÷åòà ìèíèìàëüíîãî

ïåðâîíà÷àëüíîãî êàïèòàëà, íåîáõîäèìîãî äëÿ õåäæèðîâàíèÿ ïðîèçâîëüíîãî

óñëîâíîãî òðåáîâàíèÿ â ìîäåëè ñ íåïðåðûâíûì âðåìåíåì è ñ ó÷åòîì ïðîïîð-

öèîíàëüíûõ òðàíçàêöèîííûõ èçäåðæåê.
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Âäîáàâîê íåäàâíî ïîÿâèëñÿ ïîäõîä, ó÷èòûâàþùèé òðàíçàêöèîííûå èç-

äåðæêè è îñíîâàííûé íà ¾òåîðèè îïòèìàëüíîãî èñïîëíåíèÿ¿. Ïðè äàííîì

ïîäõîäå Rogers and Singh [38], T. M. Li and R. Almgren [11] ðàññìàòðèâàëè çà-

òðàòû íà èñïîëíåíèå, íå ÿâëÿþùèåñÿ ëèíåéíûìè îòíîñèòåëüíî èñïîëíåííîãî

îáúåìà, à âûïóêëûìè äëÿ ó÷åòà âëèÿíèÿ ëèêâèäíîñòè.

Ïåðå÷èñëåííûå ìîäåëè èññëåäîâàëèñü ìíîãèìè àâòîðàìè êàê ÷èñëåííî,

òàê è àíàëèòè÷åñêè. Àíàëèòè÷åñêîå èññëåäîâàíèå óðàâíåíèÿ Áëýêà �Øîóëçà

ìåòîäàìè ãðóïïîâîãî àíàëèçà ïðîâåäåíî â ðàáîòå Í.Õ. Èáðàãèìîâà è Ð.Ê. Ãà-

çèçîâà (1998) [29]. Â ðàáîòàõ L.A. Bordag ñ ñîàâòîðàìè [18�21,36], Ì. Ì. Äû-

øàåâà è Â. Å. Ôåäîðîâà [3�5,27] è äðóãèõ àâòîðîâ èçó÷åíû ãðóïïîâûå ñâîéñòâà

ðàçëè÷íûõ íåëèíåéíûõ ìîäåëåé òèïà Áëýêà � Øîóëçà, îñóùåñòâëåí ïîèñê

èõ èíâàðèàíòíûõ ðåøåíèé è ïîäìîäåëåé.

Â ðàáîòå O. Gu�eant è J. Pu (2015) [31], ïîñâÿù¼ííîé àíàëèçó öåíîîáðà-

çîâàíèÿ îïöèîíîâ ñ ó÷åòîì òðàíçàêöèîííûõ èçäåðæåê è âëèÿíèÿ îïåðàöèé

íà ðûíîê, ðåøàåòñÿ çàäà÷à ïðîäàæè êîë-îïöèîíà áàíêîì èëè òðåéäåðîì íà

ðûíêå êëèåíòó ñî ñðîêîì ïîãàøåíèÿ T ïðè ïðåäïîëîæåíèÿõ:

1. Ðàññìàòðèâàåòñÿ ïîñòîÿííàÿ áåçðèñêîâàÿ ñòàâêà r, ïàðàìåòð àáñîëþòíî-

ãî èçáåãàíèÿ ðèñêà γ è âîëàòèëüíîñòü σ.

2. Ïðîöåññ ðûíî÷íîãî îáúåìà òîðãîâ Vt ñ÷èòàåòñÿ äåòåðìèíèðîâàííûì, íåîò-

ðèöàòåëüíûì è îãðàíè÷åííûì.

3. Òîðãîâëÿ îãðàíè÷åíà ìàêñèìàëüíîé ñòåïåíüþ ó÷àñòèÿ ρm è ñëåäîâàòåëü-

íî ðàññìàòðèâàþòñÿ ïðîöåññû v èç ìíîæåñòâà äîïóñòèìûõ ñòðàòåãèé A,

êîòîðûå èìååò îãðàíè÷åíèå |vt| ≤ ρmVt ïî÷òè âñþäó íà (0, T )× Ω.

4. Êîëè÷åñòâî àêöèé â õåäæèðóåìîì ïîðòôåëå ìîäåëèðóåòñÿ êàê qt = q0 +∫ t
0 vsds.

5. Ïðîöåññ öåíû ìîäåëèðóåòñÿ êàê dSt = µdt+σdWt+kvtdt, ãäå µ� ïðîãíîç

òðåíäà, îæèäàåìàÿ äîõîäíîñòü áàçîâîãî àêòèâà, à k ëèíåéíî ìîäåëèðóåò
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ïîñòîÿííîå âîçäåéñòâèå íà ðûíîê.

6. Äëÿ ìîäåëèðîâàíèÿ çàòðàò íà èñïîëíåíèÿ èñïîëüçóþò íåïðåðûâíóþ íåîò-

ðèöàòåëüíóþ ôóíêöèè L : R → R+, êîòîðàÿ ÿâëÿåòñÿ ÷åòíîé, âîç-

ðàñòàþùåé íà R+, L(0) = 0, ñòðîãî âûïóêëîé è êîýðöèòèâíîé, ò. å.

limρ→+∞
L(ρ)
ρ = +∞.

7. Äëÿ ëþáîãî v ∈ A ñ÷åò X ìåíÿåòñÿ êàê dXt = rXtdt−vtStdt−VtL( vtVt )dt.

8. Ôóíêöèÿ øòðàôà (Penalty function) L(q, q′) ìîäåëèðóåò öåíó ëèêâèäíî-

ñòè ïðè ïåðåõîäå îò ïîðòôåëÿ ñ q àêöèÿìè ê ïîðòôåëþ ñ q′ àêöèÿìè. Åå

âèä â ðàáîòå ñïåöèôèöèðóåòñÿ êàê L(q, q′) = l(|q − q′|) + 1
2k(q − q′)2, ãäå

l � âûïóêëàÿ è âîçðàñòàþùàÿ ôóíêöèÿ (âîçìîæíûå âàðèàíòû åå âèäà

ïðåäëîæåíû â [31], çàìå÷àíèå 4).

Ïðè ýòèõ óñëîâèÿõ ïîñòàâëåíà çàäà÷à îïòèìàëüíîãî ñòîõàñòè÷åñêîãî

êîíòðîëÿ

sup
v∈A

E [− exp(−γ(XT + qTST − Π(qT , ST )))] ,

ãäå E � ìàòåìàòè÷åñêîå îæèäàíèå. Äëÿ íåå îïðåäåëÿþò ôóíêöèþ çíà÷åíèÿ

è ñâÿçàííîå ñ çàäà÷åé óðàâíåíèå Ãàìèëüòîíà � ßêîáè � Áåëëìàíà.

Ïðè k = 0 è, ñëåäîâàòåëüíî, ïðè îòñóòñòâèè ïîñòîÿííîãî âîçäåéñòâèÿ

íà ðûíîê, ïîëó÷åíà ôóêöèÿ θ(t, S, q), êîòîðàÿ ìîäåëèðóåò öåíó áåçðàçëè÷èÿ

êîë-îïöèîíà, è ïðè ïîìîùè ââåäåíèÿ ôóíêöèè H(p) = sup
|ρ|≤ρm

[pρ−L(ρ)] âûâå-

äåíî ñâÿçàííîå ñ θ äèôôåðåíöèàëüíîå óðàâíåíèå

θt = rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + VtH(θq).

Â äàííîé ðàáîòå ïîëó÷åíà ãðóïïîâàÿ êëàññèôèêàöèÿ ýòîãî óðàâíåíèÿ ïðè

ðàçëè÷íûõ ñïåöèôèêàöèÿõ ñâîáîäíîãî ýëåìåíòà H. Íà åå îñíîâå äëÿ êîí-

êðåòíûõ ôóíêöèé íàéäåíû èíâàðèàíòíûå ðåøåíèÿ è ïîäìîäåëè.
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1. Òåîðåòè÷åñêêàÿ ÷àñòü

1.1. Îäíîïàðàìåòðè÷åñêèå ãðóïïû Ëè

Ðàññìàòðèâàþòñÿ îáðàòèìûå ïðåîáðàçîâàíèÿ Ta : Rn → Rn, çàâèñÿùèå îò

ïàðàìåòðà a ∈ ∆ ⊂ R âèäà x̄ = f(x, a), ãäå f - ïðîèçâîäÿùàÿ ôóíêöèÿ

ãðóïïû.

Îïðåäåëåíèå 1.1.1. Îïðåäåëåíèå 1. Ñåìåéñòâî ïðåîáðàçîâàíèé {Ta} íà-

çûâàåòñÿ ëîêàëüíîé îäíîïàðàìåðè÷åñêîé íåïðåðûâíîé ãðóïïîé Ëè G1, åñëè

ñóùåñòâóåò èíòåðâàë ∆′ ⊂ ∆ òàêîé, ÷òî âûïîëíåíû ñëåäóþùèå

1. {T} çàìêíóòî â ∆′ îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ, ò.å. ∀a, b ∈ ∆′

âûïîëíåíî TaTb = Tc ∈ {T}, ãäå c = ϕ(a, b) ∈ ∆′ - çàêîí óìíîæåíèÿ â

ãðóïïå;

2. Çàêîí óìíîæåíèÿ ÿâëÿåòñÿ ãëàäêèì, ò.å. ϕ ∈ C2(∆′ ×∆′);

3. Ñåìåéñòâî {T} ëîêàëüíî óïîðÿäî÷åíî â ∆′, ò.å. ∀a, b ∈ ∆′ èç Ta = Tb

ñëåäóåò a = b.

4. Ñåìåéñòâî {T} ñîäåðæèò åäèíèöó â ∆′, ò.å. ∃a0 ∈ ∆′ òàêîå, ÷òî

Ta0 = I - òîæäåñòâåííîå ïðåîáðàçîâàíèå.

Ïðè äðóãîì îïðåäåëåíèè ìîæíî ñóçèòü îáëàñòü îïðåäåëåíèÿ ïðîèçâî-

äÿùåé ôóíêöèè f äî íåêîòîðîãî V ×∆, ãäå V - îòêðûòîå ìíîæåñòâî.

Åñëè çàêîí óìíîæåíèÿ èìååò âèä ϕ(a, b) = a+ b, òî îí êàíîíè÷åñêèé.

Äëÿ äàííîãî ñåìåéñòâà ïðåîáðàçîâàíèé îïðåäåëÿåì êàñàòåëüíîå âåê-

òîðíîå ïîëå ξ(x). Åãî êîìïîíåíòû çàäàþòñÿ êàê

ξi(x) =
∂f i(x, a)

∂a

∣∣∣∣
a=0

. (1.1.1)

Ñëåäóþùàÿ òåîðåìà óñòàíîâëèâàåò îïðåäåëåííîå ñîîòâåòñòâèå ìåæäó êàñà-

òåëüíûì âåêòîðíûì ïîëåì ξ è åå ãðóïïîé G1.
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Òåîðåìà 1.1.1. Ïðîèçâîäÿùàÿ ôóíêöèÿ x̄ = f(x, a) ãðóïïû G1 óäîâëåòâî-

ðÿåò çàäà÷å Êîøè {
∂x̄
∂a = ξ(x̄),

x̄|a=0 = x.
(1.1.2)

Îáðàòíî, êàêîâà áû íè áûëà äîñòàòî÷íî ãëàäêàÿ âåêòîð ôóíêöèÿ ξ(x) òîæ-

äåñòâåííî íå ðàâíàÿ íóëþ, ðåøåíèå çàäà÷è (1.1.2), îïðåäåëÿåò ïðîèçâîäÿ-

ùóþ ôóíêöèþ îäíîïàðàìåòðè÷åñêîãé ãðóïïû ïðåîáðàçîâàíèé G1 ñ êàíîíè-

÷åñêèì çàêîíîì óìíîæåíèÿ.

Óðàâíåíèÿ (1.1.2) íàçûâàþòñÿ óðàâíåíèÿìè Ëè.

Ââèäó ýòîé òåîðåìû ñ÷èòàåì äàëåå, ÷òî ïàðàìåòðû a îäíîïàðàìåòðè-

÷åñêèõ ãðóïï Ëè G1 êàíîíè÷åñêèå.

Ðàññìàòðèâàåòñÿ îòîáðàæåíèå F : Rn → Rm

Îïðåäåëåíèå 1.1.2. Ôóíêöèÿ F (x) 6= const íàçûâàåòñÿ èíâàðèàíòîì ãðóï-

ïû G1 åñëè äëÿ ëþáîãî T ∈ G1 èìååò ìåñòî òîæäåñòâî F (Tx) = F (x).

Ðàññìîòðèì äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó a â 0 ñëåäóþùåé êîì-

ïîçèöèè

∂

∂a
F (f(x, a))|a=0 = Σn

i=1ξ
i(x)

∂F (x)

∂xi
, òàê êàê f(x, 0) = x. (1.1.3)

Ñëåäîâàòåëüíî ââîäèòñÿ ñëåäóþùèé äèôôåðåíöèàëüíûé îïåðàòîð.

Îïðåäåëåíèå 1.1.3. Èíôèíèòåçèìàëüíûì îïåðàòîðîì èëè ãåíåðàòîðîì

ãðóïïû G1 íàçûâàåòñÿ äèôôåðåíöèàëüíûé îïåðàòîð

X = Σn
i=1ξ

i(x)
∂

∂xi
. (1.1.4)

Äàëåå ðàññìàòðèâàåòñÿ êðèòåðèé èíâàðèàíòíîñòè ôóíêöèè

Òåîðåìà 1.1.2 (Êðèòåðèé èíâàðèàíòíîñòè ôóíêöèè). Ôóíêöèÿ F (x) ÿâëÿ-

åòñÿ èíâàðèàíòîì ãðóïïû G1 åñëè è òîëüêî åñëè âûïîëíåíî ðàâåíñòâî

XF ≡ ξi(x)
∂F

∂xi
= 0. (1.1.5)
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Ðàññìàòðèâàåì ìíîãîîáðàçèå M íåÿâíî çàäàííîå íàáîðîì s ôóíêöèé

ψk(x) = 0, k = 1, . . . , s. (1.1.6)

Äëÿ íèõ òîæå ââîäèòñÿ ïîíÿòèå èíâàðèàíòíîñòè è êðèòåðèé èíâàðèàíòíîñòè.

Îïðåäåëåíèå 1.1.4. Ìíîãîîáðàçèå M èíâàðèàíòíî îòíîñèòåëüíî ãðóïïû

G1 òîãäà è òîëüêî òîãäà, êîãäà ∀x ∈M è äëÿ ëþáîãî ïðåîáðàçîâàíèÿ T ∈ G1

âûïîëåíî Tx ∈M .

Ìíîãîîáðàçèå M íàçûâàåòñÿ ðåóëÿðíî çàäàííûì óðàâíåíèÿìè (1.1.6) ,

åñëè ìàòðèöà ßêîáè ||∂ψ
k

∂xi || èìååò ðàíã s. Òîãäà n − s ðàçìåðíîñòü ìíîãîîá-
ðàçèÿ M .

Òåîðåìà 1.1.3 (Êðèòåðèé èíâàðèàíòíîñòè ìíîãîîáðàçèÿ). Ìíîãîîáðàçèå M

ðåãóëÿðíî çàäàííîå óðàâíåíèÿìè (1.1.6) èíâàðèàíòíî îòíîñèòåëüíî äåé-

ñòâèÿ ãðóïïû G1 ñ îïåðàòîðîì X, åñëè è òîëüêî åñëè âûïîëíåíî

Xψk|M = 0, k = 1, . . . , s. (1.1.7)

Ìíîãîîáðàçèå M íàçûâàåòñÿ îñîáûì îòíîñèòåëüíî ãðóïïïû G1, åñëè

îïåðàòîð ãðóïïû X òîæäåñòâåííî ðàâåí íóëþ íóëþ íà ìíîãîîáðàçèè M , ò.å.

X|M ≡ 0. Â ïðîòèâíîì ñëó÷àå ìíîãîîáðàçèå M íàçûâàåòñÿ íåîñîáûì.

Åñëè ìíîãîîáðàçèå M íåîñîáîå îòíîñèòåëüíî ãðóïïû G1, òî äëÿ èí-

âàðèàíòíîñòè ôóíêöèÿ F ïî êðèòåðèþ äîëæíà óäîâëåòâîðÿòü ñëåäóþùåìó

óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ

Σn
i=1ξ

i(x)
∂F (x)

∂xi
= 0. (1.1.8)

Åãî n− 1 ôóíêöèîíàëüíî íåçàâèñèìûõ ðåøåíèé J1(x), . . . , Jn−1(x) ìîæíî, ê

ïðèìåðó, íàéòè ïðè ïîìîùè ìåòîäà õàðàêòåðèñòèê. À ñàìè ðåøåíèÿ J1(x), . . . , Jn−1(x)

îáðàçóþò ôóíöèîíàëüíûé áàçèñ èíâàðèàíòîâ ãðóïïû G1, èç êîòîðûõ ìîæíî

ïîëó÷èòü âñå îñòàëüíûå èíâàðèàíòû.



10

1.2. Ïðîäîëæåííîå ïðîñòðàíñòâî è ïðîäîëæåíèÿ îïåðàòîðîâ

Ââåäåííûå óòâåðæäåíèÿ è îïðåäåëåíèÿ ðàñïðîñòðàíÿþòñÿ íà äèôôåðåíöè-

àëüíûå óðàâíåíèÿ(äèôôåðåíöèàëüíûå èíâàðèàíòû) ïðè ïîìîùè ïîíÿòèÿ ïðî-

äîëæåííîãî ïðîñòðàíñòâà.

Äëÿ ýòîãî ðàññìàòðèâàåì ïðîñòðàíñòâî Z = Rn × Rm = X × U . Ïåðå-
ìåííûå ðàçäåëÿþòñÿ íà äâà òèïà: x = (x1, . . . , xn) -íåçàâèñèìûå ïåðåìåííûå,

u = (u1, . . . , um) - ôóíêöèè îò x.

Îïðåäåëåíèå 1.2.1. k-ì ïðîäîëæåíèåì ïðîñòðàíñòâà Z íàçûâàåòñÿ ïðî-

ñòðàíñòâî

Z
k

= X × U × U
1
× · · · × U

k
. (1.2.1)

ãäå U
s

=
{

∂uα

∂xj1 ...xjs

}
- ïðîñòðàíñòâî âñåõ ïðîèçâîäíûõ k-ãî ïîðÿäêà.

Ïóñòü â ïðîñòðàíñòâå Z äåéñòâóåò ëîêàëüíàÿ ãðóïïà ËèG ñ îïåðàòîðîì

X = ξi(x, u)∂xi + ηα(x, u)∂uα. (1.2.2)

Îïðåäåëåíèå 1.2.2. Ëîêàëüíàÿ ãðóïïà Ëè G
k
, ïîëó÷åííàÿ ðàñïðîñòðàíåíè-

åì ïðåîáðàçîâàíèé ãðóïïû G íà ïðîèçâîäíûå ïî îáû÷íûì ïðàâèëàì çàìåíû

ïåðåìåííûõ, äåéñòâóþùèõ â ïðîñòðàíñòâå Z
k
, íàçûâàåòñÿ k-ì ïðîäîëæå-

íèåì ëîêàëüíîé ãðóïïû Ëè G.

Ïðîäîëæåííîé ãðóïïå G
k
îòâå÷àåò îïåðàòîð

X
k

= ξi∂xi + ηα∂uα + ζαi ∂uαi + · · ·+ ζαi1...ik∂uαi1···k
. (1.2.3)

Îïåðàòîð ïîëíîé ïðîèçâîäíîé Di ïî i-îé ïåðåìåííîé çàäàåòñÿ êàê

Di = ∂xi + uαi ∂uα + · · ·+ uαij1...js∂uαj1...js + . . . . (1.2.4)

Êîîðäèíàòû ïðîäîëæåííîãî îïåðàòîðà X
k
âû÷èñëÿþòñÿ ïî ôîðìóëå

ζαj1...js = Dj1 . . . Djs(η
α − uαi ξi) + ξiuαij1...js, (1.2.5)
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Ðåêêóðåíòíàÿ ôîðìóëà

ζαi = Diη
α − uαiDiξ

j,

ζαij1...js = Diζ
α
j1...js

− uαrj1...jsDiξ
r.

(1.2.6)

Îïðåäåëåíèå 1.2.3. Äèôôåðåíöèàëüíûì èíâàðèàíòîì ãðóïïû G íàçûâà-

åòñÿ èíâàðèàíò ïðîäîëæåííîãî äåéñòâèÿ ãðóïïû G, ò.å. òàêàÿ ôóíêöèÿ

F (x, u, u
1
, . . . , u

k
), ÷òî äëÿ ëþáîãî ïðåîáðàçîâàíèÿ T ∈ G âûïîëíåíî

F (Tx, Tu, T
1
u
1
, . . . , T

k
u
k
) = F (x, u, u

1
, . . . , u

k
). (1.2.7)

1.3. Îïðåäåëÿþùåå óðàâíåíèå

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå èëè ñèñòåìà äèôôåðåíöèàëü-

íûõ óðàâíåíèé E

E : F l(z
k
) = 0, l = 1, . . . , s. (1.3.1)

Îáîçíà÷àåì òàêæå êàê E ìíîãîîáðàçèå â ïðîäîëæåííîì ïðîñòðàíñòâå Z
k
çà-

äàâàåìîå äèôôåðåíöèàëüíûì óðàâíåíèåì. Ìíîãîîáðàçèå E ñ÷èòàåòñÿ çàäàí-

íûì ðåãóëÿðíî.

Îïðåäåëåíèå 1.3.1. Ãîâîðÿò, ÷òî ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

E äîïóñêàåò ëîêàëüíóþ ãðóïïó íåïðåðûâíûõ ïðåîáðàçîâàíèé G, åñëè ìíîãî-

îáðàçèå E ⊂ Z
k
ÿâëÿåòñÿ äèôôåðåíöèàëüíûì èíâàðèâàíòíûì ìíîãîîáðàçè-

åì ãðóïïû G, ò.å.

X
k
E(x, u, u

1
, . . . , u

k
)|E = 0. (1.3.2)

Òåîðåìà 1.3.1. Ãðóïïà G, äîïóñêàåìàÿ ñèñòåìîé E, äåéñòâóåò íà ìíîæå-

ñòâå ðåøåíèé ýòîé ñèñòåìû, ò.å. ìíîæåñòâî ðåøåíèé ñèñòåìû E èíâà-

ðèàíòíî îòîíîñèòåëüíî äåéñòâèÿ ãðóïïû G.

Èñõîäÿ èç êðèòåðèÿ èíâàðèàíòíîñòè (1.3.2) äîïóñêàåìóþ ãðóïïó èùóò

ïî ñëåäóþùåìó àëãîðèòìó:
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-Ïðîäîëæåíèå îïåðàòîðà X íà ïðîèçâîäíûå äî k-ãî ïîðÿäêà ïî ôîðìóëàì

X
k

= ξi∂xi + ηα∂uα + ζαi ∂uαi + · · ·+ ζαi1...ik∂uαi1...ik
. (1.3.3)

-Äåéñòâèå îïåðàòîðà X
k
íà óðàâíåíèÿ ñèñòåìû E. Â ðåçóëüòàòå ïîëó÷àåòñÿ

ñèñòåìà èç s óðàâíåíèé, ñîäåðæàùàÿ ôóíêöèè ξi(x, u), ηα(x, u), èõ ïðîèçâîä-

íûå äî k-ãî ïîðÿäêà âêëþ÷èòåëüíî, à òàêæå ïåðåìåííûå x, u, u
1
, . . . , u

k
.

-Ïåðåõîä íà ìíîãîîáðàçèå, îïðåäåëÿåìîå ñèñòåìîé E. Äëÿ ýòîãî ñèñòåìà E

ðàçðåøàåòñÿ îòíîñèòåëüíî íåêîòîðûõ s ïðîèçâîäíûõ èç íàáîðà {u
1
, . . . , u

k
}.

Âñå îñòàëüíûå ïðîèçâîäíûå äàëåå áóäåì íàçûâàòü ñâîáîäíûìè. Íàéäåííûå

âûðàæåíèÿ ïîäñòàâëÿþòñÿ â óðàâíåíèÿ, ïîëó÷åííûå íà ïðåäûäóùåì øàãå.

Ïîñòðîåííàÿ òàêèì îáðàçîì ñèñòåìà óðàâíåíèé íà êîîðäèíàòû èíôèíèòåçè-

ìàëüíîãî îïåðàòîðà X äîëæíà áûòü âûïîëíåíà òîæäåñòâåííî ïî îñòàâøèìñÿ

ïåðåìåííûì ïðîñòðàíñòâà Z
k
.

-Ðàñùåïëåíèå(ðàçäåëåíèå ïåðåìåííûõ) óðàâíåíèé, íàéäåííûõ â ðåçóëüòàòå

âûïîëíåíèÿ ïðåäûäóùåãî øàãà, îòíîñèòåëüíî ñâîáîäíûõ ïðîèçâîäíûõ. Ïðè

ýòîì ó÷èòûâàåòñÿ, ÷òî êîîðäèíàòû ξi(x, u), ηα(x, u) çàâèñÿò òîëüêî îò x è u

è íå çàâèñÿò îò ïðîèçâîäíûõ u
j
. Ðàñùåïëåíèå îáû÷íî îñóùåñòâëÿåòñÿ ðàçëî-

æåíèåì ëåâûõ ÷àñòåé óðàâíåíèé â ðÿä Òåéëîðà ïî ñâîáîäíûì ïðîèçâîäíûì â

îêðåñòíîñòè êàêîé- íèáóäü òî÷êè è ïðèðàâíèâàåòñÿ íóëþ êîýôôèöèåíòîâ ïðè

ðàçëè÷íûõ ìîíîìàõ, ñîñòàâëåííûõ èç ïðîèçâîäíûõ. Ðåçóëüòàòîì ðàñùåïëå-

íèÿ ÿâëÿåòñÿ ïåðåîïðåäåëåííàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ

êîîðäèíàò îïåðàòîðà X.

Ïîëó÷åííûå â ðåçóëüòàòå ðàñùåïëåíèÿ óðàâíåíèÿ íàçûâàþòñÿ îïðåäå-

ëÿþùèìè óðàâíåíèÿìè. Ïðîñòðàíñòâî èõ ðåøåíèé îáîçíà÷àåòñÿ êàê L. Åãî

îñíîâíûìè ñâîéñòâàìè ÿâëÿþòñÿ ëèíåéíîñòü è îäíîðîäíîñòü. Åñëè îíî èìååò

ðàçìåðíîñòü r, òî îáîçíà÷àåòñÿ Lr.

Ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè - ýòî ïðåîáðàçîâàíèÿ, êîòîðûå ìå-

íÿþò òîëüêî ïðîèçâîëüíûé(ñâîáîäíûé) ýëåìåíò. Èõ ñîâîêóïíîñòü îáðàçóåò
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ãðóïïó ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè.

Îíè èùóòñÿ ìîäèôèêàöèåé àëãîðèòìà, òîãî æå ÷òî èñïîëüçóåòñÿ äëÿ

ïîèñêà äîïóñêàåìîé ãðóïïû.

Äàëåå äåéñòâóåì íà èçó÷àåìîå óðàâíåíèå ïðè ïðåäïîëîæåíèè, ÷òî ïðî-

èçâîëüíûé ýëåìåíò ýòî ôóíêöèÿ è ïîñëå ðàçäåëåíèÿ ïåðåìåííûõ ïîëó÷àåì

íàáîð óðàâíåíèé íà ïðîèçâîëüíûé ýëåìåíò íàçûâàåìûå êëàññèôèöóðóþùè-

ìè óðàâíåíèÿìè. Ïðè ïîìîùè ïðåîáðàçîâàíèé ýêâèâàëåíòîñòè ðåøåíèÿ ðàç-

áèâàþòñÿ íà êëàññû ýêâèâàëåíòíîñòè. È äàëåå ïîëó÷àþòñÿ âñå ñïåöèôèêà-

öèè(êîíêðåòíûå ôîðìû) ïðîèçâîëüíîãî ýëåìåíòà.

1.4. Àëãåáðà Ëè

Ïóñòü L - âåêòîðíîå ïîëå íà ïîëåì R( èëè C), ñíàáæåííîå îïåðàöèåé êîììó-

òèðîâàíèÿ [·, ·], ò.å. ∀X, Y ∈ L, [X, Y ] ∈ L.

Òåîðåìà 1.4.1. Çàìêíóòîå îòíîñèòåëüíî îïåðàöèè êîììóòèðîâàíèÿ [·, ·]
âåêòîðíîå ïðîñòðàíñòâî L íàçûâàåòñÿ àëãåáðîé Ëè, åñëè äëÿ ëþáûõ ξ, η, τ ∈
L, α, β ∈ R âûïîëíÿåòñÿ

1) [αξ + βη, τ ] = α[ξ, τ ] + β[η, τ ];

2) [η, τ ] = −[τ, η];

3) [ξ, [η, τ ]] + [η, [τ, ξ]] + [τ, [ξ, η]] = 0.

Ïîñëåäíåå ðàâåíñòâî íàçûâàòñÿ òîæäåòñâîì ßêîáè. Îïåðàöèþ óìíîæå-

íèÿ (êîììóòèðîâàíèÿ) íàçûâàþò óìíîæåíèåì Ëè, ñêîáêîé Ëè èëè êîììóòà-

òîðîì.

Ðàññìîòðèì ìíîæåñòâî L âñåõ èíôèíèòåçèìàëüíûõ îïåðàòîðîâ äîïóñ-

êàåìûõ íåêîòîðîé ñèñòåìîé óðàâíåíèé. Äàííîå ìíîæåñòâî áóäåò âåêòîðíûì

ïðîñòðàíñòâîì íàä R. Áîëåå òîãî, ñ êîììóòàòîðîì äâóõ îïåðàòîðîâ X =

ξi(x) ∂
∂xi , Y = ηi(x) ∂

∂xi , îïðåäåëÿåìûì ôîðìóëîé

[X, Y ] = XY − Y X =

(
ξi(x)

∂ηk

∂xi
− ηi(x)

∂ξk

∂xi
)

)
∂

∂xk
, (1.4.1)
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äàííîå âåêòîðíîå ïðîñòðàíñòâî áóäåò àëãåáðîé Ëè, íàçûâàåìîé îñíîâíîé àë-

ãåáðîé Ëè ñèñòåìû.

Äëÿ àëãåáðû Ëè Lr ñ áàçèñîì X1, X2, . . . , Xr ðàçëîæåíèå êîììóòàòîðà

äàíî êàê

[Xi, Xj] =
r∑

k=1

ckijXk, i, j = 1, 2, . . . , r,

ãäå ckij � íàçûâàþòñÿ ñòðóêòóðíûìè ïîñòîÿííûìè àëãåáðû Ëè Lr.

1.5. Èíâàðèàíòíûå ðåøåíèÿ, îïòèìàëüíûå ñèñòåìû ïîäàëãåáð

Îïðåäåëåíèå 1.7. Ïîäàëãåáðîé àëãåáðû Ëè íàçûâàåòñÿ âåêòîðíîå ïîäïðî-

ñòðàíñòâî àëãåáðû, çàìêíóòîå îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ.

Ïóñòü H � ïîäãðóïïà ãðóïïû G, äîïóñêàåìîé ñèñòåìîé äèôôåðåíöè-

àëüíûõ óðàâíåíèé.

Îïðåäåëåíèå 1.8. Ðåøåíèå u = ϕ(x) ñèñòåìû óðàâíåíèé íàçûâàåòñÿ

H-èíâàðèàíòíûì ðåøåíèåì, åñëè ìíîãîîáðàçèå u − ϕ(x) = 0 èíâàðèàíòíî

îòíîñèòåëüíî ãðóïïû H.

Àëãîðèòì ïîñòðîåíèÿ H-èíâàðèàíòíûõ ðåøåíèé ñîñòîèò â ñëåäóþùåì.

Ïóñòü LH � ïîäàëãåáðà îñíîâíîé àëãåáðû Ëè ñèñòåìû, ñîîòâåòñòâóþùàÿ ïîä-

ãðóïïåH, I1, I2, . . . , Is � ïîëíûé íàáîð ôóíêöèîíàëüíî íåçàâèñèìûõ ðåøåíèé

óðàâíåíèé

XβI = 0, β = 1, . . . , l,

ãäå X1, X2, . . . , Xl � áàçèñ LH . Äëÿ ïîñòðîåíèÿ H-èíâàðèàíòíîãî ðåøåíèÿ

áåðóòñÿ m èíâàðèàíòíîâ, ñîäåðæàùèõ íåèçâåñòíûå ôóíêöèè, è íàçíà÷àþòñÿ

ôóíêöèÿìè îò îñòàâøèõñÿ èíâàðèàíòîâ, â êîòîðûå âõîäÿò òîëüêî íåçàâèñè-

ìûå ïåðåìåííûå. Ïîäñòàâèâ ýòè ôóíêöèè â èñõîäíóþ ñèñòåìó è ïåðåïèñàâ

åå â íîâûõ ïåðåìåííûõ, ïîëó÷èì ñèñòåìó óðàâíåíèé îò ìåíüøåãî ÷èñëà ïå-

ðåìåííûõ, ðåøåíèÿìè êîòîðîé è áóäóò èíâàðèàíòíûå ðåøåíèÿ. Ïîñëåäíþþ

ñèñòåìó óðàâíåíèé íàçûâàþò ôàêòîðñèñòåìîé èëè ïîäìîäåëüþ.
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Òåîðåìà 1.6. Äëÿ ñóùåñòâîâàíèÿ H-èíâàðèàíòíûõ ðåøåíèé íåîáõî-

äèìî, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî

rang

(
∂Ik
∂uα

)
= m.

Îïðåäåëåíèå 1.14. Îäíîïàðàìåòðè÷åñêîé ãðóïïîé âíóòðåííèõ àâ-

òîìîðôèçìîâ àëãåáðû Ëè Lr íàçûâàåòñÿ ãðóïïà ñ âåêòîðíûì ïîëåì(àëãåáðîé

äèôôåðåíöèðîâàíèé) ξ(X) = [X, Y ], ãäå Y ýëåìåíò àëãåáðû Ëè Lr.

Äëÿ ãðóïïîâîãî àíàëèçà äèôôåðåíöèàëüíûõ óðàâíåíèé ñóùåñòâåííà

çàäà÷à î ïåðå÷èñëåíèè âñåõ ïîäàëãåáð äàííîé êîíå÷íîìåðíîé àëãåáðû Ëè.

Òàê êàê ïîä äåéñòâèåì àâòîìîðôèçìà êàæäàÿ ïîäàëãåáðà ïåðåõîäèò ñíîâà â

íåêîòîðóþ ïîäàëãåáðó òîé æå ðàçìåðíîñòè, òî ïîñòàâëåííóþ çàäà÷ó äîñòà-

òî÷íî ðåøèòü ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèé, îïðåäåëÿåìûõ âíóòðåííèìè

àâòîìîðôèçìàìè.

Ïîäàëãåáðû N è M àëãåáðû Ëè L íàçûâàþòñÿ ïîäîáíûìè, åñëè ñóùå-

ñòâóåò âíóòðåííèé àâòîìîðôèçì A ∈ IntL, äëÿ êîòîðîãî A(N) = M.

Ïî îòíîøåíèþ ïîäîáèÿ âñå ïîäàëãåáðû äàííîé àëãåáðû Ëè ðàçáèâàþò-

ñÿ íà íåïåðåñåêàþùèåñÿ êëàññû ïîäîáíûõ ïîäàëãåáð.

Îïðåäåëåíèå 1.5.1. Ñîâîêóïíîñòü ïðåäñòàâèòåëåé êëàññîâ ïîäîáíûõ ïî-

äàëãåáð äàííîé ðàçìåðíîñòè m (ïî îäíîìó èç êàæäîãî êëàññà) áóäåò íàçû-

âàòüñÿ îïòèìàëüíîé ñèñòåìîé (ïîðÿäêà m) è îáîçíà÷àòüñÿ ñèìâîëîì Θm.

Èòîãîì ðåøåíèÿ ïîñòàâëåííîé çàäà÷è äëÿ äàííîé êîíå÷íîìåðíîé àë-

ãåáðû Ëè Lr äîëæíû áûòü òàáëèöû îïòèìàëüíûõ ñèñòåì Θm äëÿ êàæäîãî

m = 1, 2, . . . , r − 1.
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2. Ðåøåíèå

2.1. Ãðóïïû ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè

Ðàññìàòðèâàåì óðàâíåíèå

θt = rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F (θq), (2.1.1)

ãäå θ = θ(t, S, q), F (θq) - ïðîèçâîëüíûé ýëåìåíò.

Äëÿ ïîèñêà ãåíåðàòîðîâ ãðóïï ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñ÷èòà-

åì F è åå ïðîèçâîäíûå ïåðåìåííûìè. Îïåðàòîð ïîðîæäàþùèé ãðóïïû ïðå-

îáðàçîâàíèé ýêâèâàëåíòíîñòè áóäóò èñêàòüñÿ â âèäå

X = τ∂t + ξ∂S + α∂q + η∂θ + ζ∂F ,

ãäå τ , ξ, α, η çàâèñÿò îò t, S, q, θ, à ζ îò t, S, q, θ, F, θS, θq, θt. Ïðè ýòîì ê óðàâ-

íåíèþ (2.1.1) äîáàâëÿþòñÿ äîïîëíèòåëüíûå óðàâíåíèÿ, êîòîðûå îáîçíà÷àþò

çàâèñèìîñòü F òîëüêî îò θq :

Ft = 0, Fq = 0, FS = 0, Fθ = 0, FθS = 0, Fθt = 0. (2.1.2)

Ñèñòåìà (2.1.1), (2.1.2) ðàññìàòðèâàåòñÿ êàê ìíîãîîáðàçèå M â ðàñøèðåí-

íîì ïðîñòðàíñòâå ñîîòâåòñòâóþùèõ ïåðåìåííûõ. Ïîäåéñòâóåì íà óðàâíåíèå

(2.1.1) ïðîäîëæåííûì îïåðàòîðîì íà ïðàâóþ ÷àñòü ïîñëå ïåðåíîñà ñëàãàåìûõ

â ïðàâóþ ÷àñòü

X̃ = X + ηq∂θq + ηS∂θS + ηt∂θt + ηSS∂θSS + ζθq∂Fθq + ζθS∂FθS+

+ζθt∂Fθt + ζ t∂Ft + ζS∂FS + ζq∂Fq + ζθ∂Fθ .

ïîñëå ñóæåíèÿ ðåçóëüòàòà íà ìíîãîîáðçèå M ïîëó÷àåì óðàâíåíèå

−ηt + rη + (µ− rS)α− rqξ − µηS+

+γσ2er(T−t)(θS − q)(−ηS + α +
r

2
(θS − q)τ) + ζ − 1

2
σ2ηSS|M =

= −ηt + rη − rSα− rqξ + (µ+ γσ2er(T−t)(θS − q))(−ηS + α)+

+
r

2
γσ2er(T−t)(θS − q)2τ + ζ − 1

2
σ2ηSS|M = 0

(2.1.3)
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Êîýôôèöèåíòû ïðîäîëæåííîãî îïåðàòîðà X̃ âû÷èñëÿþòñÿ ïðè ïîìîùè

ôîðìóë ïðîäîëæåíèÿ è îïåðàòîðîâ ïîëíîé ïðîèçâîäíîé

Dt =
∂

∂t
+ θt

∂

∂θ
+ . . . , DS =

∂

∂S
+ θS

∂

∂θ
+ θSS

∂

∂θS
+ . . . , Dq =

∂

∂q
+ θq

∂

∂θ
+ . . . ,

D̃t =
∂

∂t
+ Ft

∂

∂F
+ . . . , D̃S =

∂

∂S
+ FS

∂

∂F
+ . . . , D̃q =

∂

∂q
+ Fq

∂

∂F
+ . . . ,

D̃θ =
∂

∂θ
+ Fθ

∂

∂F
+ . . . , D̃θt =

∂

∂θt
+ Fθt

∂

∂F
+ . . . , D̃θS =

∂

∂θS
+ FθS

∂

∂F
+ . . . ,

D̃θq =
∂

∂θq
+ Fθq

∂

∂F
+ . . . .

Ïî ôîðìóëàì ïðîäîëæåíèÿ

ηt = Dtη − θtDtτ − θSDtξ − θqDtα,

ηS = DSη − θtDSτ − θSDSξ − θqDSα,

ηq = Dqη − θtDqτ − θSDqξ − θqDqα,

ηSS = DSη
S − θStDSτ − θSSDSξ − θSqDSα.

Èõ âû÷èñëåíèå äàåò

ηt = ηt + θtηθ − θt(τt + θtτθ)− θS(ξt + θtξθ)− θq(αt + θtαθ),

ηS = ηS + θSηθ − θt(τS + θSτθ)− θS(ξS + θSξθ)− θq(αS + θSαθ),

ηq = ηq + θqηθ − θt(τq + θqτθ)− θS(ξq + θqξθ)− θq(αq + θqαθ),

ηSS = ηSS + 2θSηSθ + θ2
Sηθθ − 2θSt(τS + θSτθ)+

+θSS(ηθ − θtτθ − θqαθ − 2ξS − 3θSξθ)− 2θSq(αS + θSαθ)−

−θt(τSS + 2τSθθS + θ2
Sτθθ)− θS(ξSS + 2ξSθθS + θ2

Sξθθ)−

−θq(αSS + 2αSθθS + θ2
Sαθθ).

(2.1.4)

Àíàëîãè÷íî äëÿ ζ

ζ t = D̃tζ − FtD̃tτ − FSD̃tξ − FqD̃tα− FθD̃tη − FθtD̃tη
t − FθSD̃tη

S − FθqD̃tη
q,

ζS = D̃Sζ − FtD̃Sτ − FSD̃Sξ − FqD̃Sα− FθD̃Sη − FθtD̃Sη
t − FθSD̃Sη

S − FθqD̃Sη
q,

ζq = D̃qζ − FtD̃qτ − FSD̃qξ − FqD̃qα− FθD̃qη − FθtD̃qη
t − FθSD̃qη

S − FθqD̃qη
q,
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ζθ = D̃θζ − FtD̃θτ − FSD̃θξ − FqD̃θα− FθD̃θη − FθtD̃θη
t − FθSD̃θη

S − FθqD̃θη
q,

ζθt = D̃θtζθt − FtD̃θtτ − FSD̃θtξ − FqD̃θtα− FθD̃θtη − FθtD̃θtη
t − FθSD̃θtη

S − FθqD̃θtη
q,

ζθS = D̃θSζ − FtD̃θSτ − FSD̃θSξ − FqD̃θSα− FθD̃θSη − FθtD̃θSη
t − FθSD̃θSη

S − FθqD̃θSη
q.

Ðàñêðûòèå ïðîèçâîäíûõ äàåò

ζ t = ζt + ζFFt − Ftτt − FSξt − Fqαt − Fθηt − Fθtηtt − FθSηSt − Fθqη
q
t ,

ζS = ζS + ζFFS − FtτS − FSξS − FqαS − FθηS − FθtηtS − FθSηSS − Fθqη
q
S,

ζq = ζq + ζFFq − Ftτq − FSξq − Fqαq − Fθηq − Fθtηtq − FθSηSq − Fθqηqq ,

ζθ = ζθ + ζFFθ − Ftτθ − FSξθ − Fqαθ − Fθηθ − Fθtηtθ − FθSηSθ − Fθqη
q
θ,

ζθt = ζθt + ζFFθt − Ftτθt − FSξθt − Fqαθt − Fθηθt − Fθtηtθt − FθSη
S
θt
− Fθqη

q
θt
,

ζθS = ζθS + ζFFθS − FtτθS − FSξθS − FqαθS − FθηθS − FθtηtθS − FθSη
S
θS
− Fθqη

q
θS

(2.1.5)

Ðåçóëüòàò äåéñòâèÿ ïðîäîëæíåííîãî îïåðàòîðà íà äîïîëíòåëüíûå óðàâíåíèÿ

(2.1.2) ñ ñóæåíèåì íà ìíîãîîáðàçèå M äàåò

ζ t|M = 0, ζq|M = 0, ζS|M = 0, ζθ|M = 0, ζθS |M = 0, ζθt|M = 0. (2.1.6)

Ñ ó÷åòîì äîïîëíèòåëüíûõ óðàâíåíèé (2.1.2) ïî êîòîðûì ìîæíî ïåðåéòè ê

ìíîãîîáðàçèþ è ïðîäîëæåíèÿìè îïåðàòîðîâ (2.1.5) óðàâíåíèÿ (2.1.6) ïðèìóò

âèä

ζ t|M = ζt − Fθqη
q
t |M = ζt − Fθq(ηqt + θqηtθ − θt(τtq + θqτtθ)−

−θS(ξtq + θqξtθ)− θq(αtq + θqαtθ))|M = 0,

ζS|M = ζS − Fθqη
q
S|M = ζS − Fθq(ηSq + θqηSθ − θt(τSq + θqτSθ)−

−θS(ξSq + θqξSθ)− θq(αSq + θqαSθ))|M = 0,

ζq|M = ζq − Fθqηqq |M = ζq − Fθq(ηqq + θqηqθ − θt(τqq + θqτqθ)−

−θS(ξqq + θqξqθ)− θq(αqq + θqαqθ))|M = 0,

ζθ|M = ζθ − Fθqη
q
θ|M = ζθ − Fθq(ηqθ + θqηθθ − θt(τqθ + θqτθθ)−

−θS(ξqθ + θqξθθ)− θq(αqθ + θqαθθ))|M = 0

ζθt|M = ζθt − Fθqη
q
θt
|M = ζθt + Fθq(τq + θqτθ) = 0,

(2.1.7)
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ζθS |M = ζθS − Fθqη
q
θS
|M = ζθS + Fθq(ξq + θqξθ)| = 0.

Ïîäñòàâëÿåì ïðîäîëæåíèÿ îïåðàòîðîâ (2.1.4) â óðàâíåíèå (2.1.3)

rη − rSα− rqξ +
r

2
γσ2er(T−t)(θS − q)2τ + (µ+ γσ2er(T−t)(θS − q))·

·(−(ηS + θSηθ − θt(τS + θSτθ)− θS(ξS + θSξθ)− θq(αS + θSαθ)) + α)−

−(ηt + θtηθ − θt(τt + θtτθ)− θS(ξt + θtξθ)− θq(αt + θtαθ))+

+ζ − 1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ − 2θSt(τS + θSτθ)+

+θSS(ηθ − θtτθ − θqαθ − 2ξS − 3θSξθ)− 2θSq(αS + θSαθ)−

−θt(τSS + 2τSθθS + θ2
Sτθθ)− θS(ξSS + 2ξSθθS + θ2

Sξθθ)−

−θq(αSS + 2αSθθS + θ2
Sαθθ))|M = 0

(2.1.8)

Ïåðåìåùàåì â (2.1.8) âñå ÷ëåíû ñ θt â êîíåö óðàâíåíèÿ äëÿ ïîñëåäóþùåãî

ïåðåõîäà ê ìíîãîîáðàçèþ ïî θt è âíîñèì çíàêè âíóòðü ñêîáîê

rη − rSα− rqξ +
r

2
γσ2er(T−t)(θS − q)2τ + (µ+ γσ2er(T−t)(θS − q))·

·(−ηS − θSηθ + θS(ξS + θSξθ) + θq(αS + θSαθ) + α)− ηt + θSξt+

+θqαt + ζ − 1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ − 2θSt(τS + θSτθ)+

(2.1.9)

+θSS(ηθ − θqαθ − 2ξS − 3θSξθ)− 2θSq(αS + θSαθ)−

−θS(ξSS + 2ξSθθS + θ2
Sξθθ)− θq(αSS + 2αSθθS + θ2

Sαθθ))+

+(µ+ γσ2er(T−t)(θS − q))θt(τS + θSτθ)+

+θ2
t τθ + θt(−ηθ + τt + θSξθ + θqαθ)+

+
1

2
σ2(θt(τSS + 2τSθθS + θ2

Sτθθ) + τθθtθSS)|M = 0

Ïåðåõîäèì â (2.1.7) ê ìíîãîîáðàçèþ ïî θt

ζ t|M = ζt − Fθq(ηtq + θqηtθ − θS(ξtq + θqξtθ)− θq(αtq + θqαtθ)−

−(rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F )·

·(τtq + θqτtθ)) = 0,

(2.1.10)
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ζS|M = ζS − Fθq(ηSq + θqηSθ − θS(ξSq + θqξSθ)− θq(αSq + θqαSθ)−

−(rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F )·

·(τSq + θqτSθ) = 0,

(2.1.11)

ζq|M = ζq − Fθq(ηqq + θqηqθ − θS(ξqq + θqξqθ)− θq(αqq + θqαqθ)−

−(rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F )·

·(τqq + θqτqθ)) = 0,

(2.1.12)

ζθ|M = ζθ − Fθq(ηqθ + θqηθθ − θS(ξqθ + θqξθθ)− θq(αqθ + θqαθθ)−

−(rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F )·

·(τqθ + θqτθθ)) = 0,

(2.1.13)

ζθt|M = ζθt + Fθq(τq + θqτθ) = 0, (2.1.14)

ζθS |M = ζθS + Fθq(ξq + θqξθ) = 0. (2.1.15)

Ïåðåõîäèì â óðàâíåíèè (2.1.9) ê ìíîãîîáðàçèþ ïî θt

rη − rSα− rqξ +
r

2
γσ2er(T−t)(θS − q)2τ + (µ+ γσ2er(T−t)(θS − q))·

·(−ηS − θSηθ + θS(ξS + θSξθ) + θq(αS + θSαθ) + α)− ηt + θSξt+
(2.1.16)

+θqαt + ζ − 1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ − 2θSt(τS + θSτθ)+

+θSS(ηθ − θqαθ − 2ξS − 3θSξθ)− 2θSq(αS + θSαθ)−

−θS(ξSS + 2ξSθθS + θ2
Sξθθ)− θq(αSS + 2αSθθS + θ2

Sαθθ))+

+(τt − ηθ + θSξθ + θqαθ +
1

2
σ2(τSS + 2τSθθS + θ2

Sτθθ + θSSτθ)+

+(µ+ γσ2er(T−t)(θS − q))(τS + θSτθ))·

·(rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F )+

+τθ(rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F )2 = 0.

Îòäåëÿÿ ÷ëåíû θSq, θSt â (2.1.16) ïîëó÷àåì ðàâåíñòâà τS = 0, τθ =

0, αS = 0,
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αθ = 0. Îòäåëÿÿ Fθq â (2.1.14) è (2.1.15) ïîëó÷àåì, åùå τq = 0 è ξq = 0, ξθ = 0.

Îòìå÷àåì íàéäåííûå ðàâåíñòâà

τS = 0, τθ = 0, αS = 0, αθ = 0, τq = 0, ξq = 0, ξθ = 0. (2.1.17)

Ñëåäîâàòåëüíî (2.1.10)-(2.1.13) ìîæíî ñîêðàòèòü òàê

ζ t|M = ζt − Fθq(ηtq + θqηtθ − θqαtq) = 0, (2.1.18)

ζS|M = ζS − Fθq(ηSq + θqηSθ) = 0, (2.1.19)

ζq|M = ζq − Fθq(ηqq + θqηqθ − θqαqq) = 0, (2.1.20)

ζθ|M = ζθ − Fθq(ηqθ + θqηθθ) = 0, (2.1.21)

ζθt|M = ζθt = 0, (2.1.22)

ζθS |M = ζθS = 0. (2.1.23)

Ñíà÷àëà îòäåëÿåì Fθq â (2.1.21) è ïîëó÷àåì ηqθ = 0, äàëåå îòäåëÿåì

Fθqθq â (2.1.20) è ïîëó÷àåì αqq = ηqθ. Ñ ó÷åòîì ðàíåå ïîëó÷åííîãî, ñëåäîâà-

òåëüíî ïîëó÷àåì αqq = 0. Ðàçäåëÿÿ îñòàâøååñÿ â óðàâíåíèÿõ (2.1.18)-(2.1.23)

ïîëó÷àåì ñëåäóþùèå óðàâíåíèÿ

ηtq = 0, ηtθ = αtq, ηSθ = 0, ηSq = 0, ηqθ = 0, αqq = 0, ηqq = 0, ηθθ = 0, (2.1.24)

ζt = 0, ζS = 0, ζq = 0, ζθ = 0, ζθt = 0, ζθS = 0.

Òåïåðü ñîêðàùàåì ïîëó÷åíûìè ðàâåíñòâàìè îïðåäåëÿþùåå óðàâíåíèå

(2.1.16)

rη − rSα− rqξ +
r

2
γσ2er(T−t)(θS − q)2τ + (µ+ γσ2er(T−t)(θS − q))·

·(−ηS − θSηθ + θSξS + α)− ηt + θSξt + θqαt+

+ζ − 1

2
σ2(ηSS + θSS(ηθ − 2ξS)− θSξSS)+

+(τt − ηθ)(rθ + (µ− rS)q−

−µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + F ) = 0.

(2.1.25)
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Îòäåëÿÿ θSS ïîëó÷àåì, âûíåñÿ îáùèé ìíîæèòåëü è íà ñëåäóþùåì øàãå ñî-

êðàòèâ −1
2σ

2

−1

2
σ2(ηθ − 2ξS + τt − ηθ) = −1

2
σ2(−2ξS + τt) = 0,

τt = 2ξS.
(2.1.26)

Ñëåäîâàòåëüíî ââèäó (2.1.26) òàê êàê τS = 0 â (2.1.17), òî

ξSS = 0. (2.1.27)

Ââèäó (2.1.24) íà÷èíàåì äèôôåðåíöèðîâàíèÿ ζ. Ñíà÷àëà äèôôåðåíöèðóåì

óðàâíåíèÿ (2.1.25) ïî θS ñ ó÷åòîì (2.1.27)

rγσ2er(T−t)(θS − q)τ + (µ+ γσ2er(T−t)(θS − q))(−ηθ + ξS)+

+γσ2er(T−t)(−ηS − θSηθ + θSξS + α)+

+ξt + (τt − ηθ)(−µ− γσ2er(T−t)(θS − q)) = 0.

(2.1.28)

Ñîêðàùàåì ïîëó÷åííîå, âûíîñèì îáùèé ìíîæèòåëü (µ + γσ2er(T−t)(θS − q))
è ñîêðàùàåì ηθ, äëÿ äðóãèõ ñëîãàåìûõ âûíîñèì γσ2er(T−t)

ξt + (µ+ γσ2er(T−t)(θS − q))(ξS − τt)+

+γσ2er(T−t)((θS − q)rτ − ηS − θSηθ + θSξS + α) = 0.
(2.1.29)

Òàê êàê θS ñîäåðæèòñÿ â âûðàæåíèÿõ ñ γσ2er(T−t), òî ïðè ðàçäåëåíèè ïåðå-

ìåííûõ ïî θS åãî ìîæíî âûíåñòè è ñëåäîâàòåëüíî ðàçäåëåíèå ïåðåìåííûõ

äàñò ñëåäóþùèé ðåçóëüòàò

θS : γσ2er(T−t)(ξS − τt + rτ − ηθ + ξS) = 0, (2.1.30)

ξt + (µ− γσ2er(T−t)q)(ξS − τt) + γσ2er(T−t)(−qrτ − ηS + α) = 0. (2.1.31)

Â ðàâåíñòâå (2.1.30) ïîñëå ñîêðàùåíèÿ ýêñïîíåíòû γσ2er(T−t) ñóììèðîâàíèå

âñåõ ξS äàåò 2ξS è äàëåå ââèäó ðàâåíñòâà (2.1.26) îíî ñðàçó ñîêðàùàåòñÿ ñ −τt
è ñëåäîâàòåëüíî îò (2.1.30) îñòàåòñÿ

ηθ = rτ. (2.1.32)



23

Ñ öåëüþ ïîèñêà αq äèôôåðåíöèðóåì (2.1.31) ïî q, ââèäó (2.1.24), (2.1.17)

îíî ñîêðàòèò óðàâíåíèå äî

−γσ2er(T−t)(ξS − τt) + γσ2er(T−t)(−rτ + αq) = 0.

Ñîêðàùààÿ ýêñïîíåíòó γσ2er(T−t) è ïîäñòàâëÿÿ (2.1.26) ξS = τt/2 è ïîëó÷àåì

αq = rτ + ξS − τt = rτ − τt/2. (2.1.33)

Ñîêðàùàåì äàëåå óðàâíåíèå (2.1.25) ñ ó÷åòîì îòäåëåíèÿ ÷ëåíîâ ñ θS è

θSS è âû÷èñëåíèÿ ξSS = 0 (2.1.27)

rη − rSα− rqξ +
r

2
γσ2er(T−t)q2τ + (µ− γσ2er(T−t)q)(−ηS + α)−

−ηt + θqαt + ζ − 1

2
σ2ηSS + (τt − ηθ)(rθ + (µ− rS)q−

−1

2
γσ2er(T−t)q2 + F ) = 0.

(2.1.34)

Âñïîìèíàåì ðàâåíñòâî èç (2.1.24) ηtθ = αtq. Ïîäñòàíîâêà â íåãî ðàíåå

ïîëó÷åííûõ óðàâíåíèé (2.1.32), (2.1.33) äàåò rτt = rτt − τtt/2. Ñîêðàùåíèå

ïðèâîäèò ê óðàâíåíèþ íà τ

τtt = 0. (2.1.35)

Äàëåå äèôåðåíöèðîâàíèå (2.1.34) ïî θq ïðèâîäèò ê ζθq + αt. Ââèäó òîãî, ÷òî

αq ïî (2.1.33) èçâåñòíî è òîãî, ÷òî ïî (2.1.24) ζq = 0, òî äèôôåðåíöèðîâàíèå

ïîëó÷åííîãî ïî q äàåò αtq = rτt − τtt/2 = 0 è ñëåäîâàòåëüíî ââèäó (2.1.35)

ïîëó÷àåòñÿ

τt = 0, αtq = 0. (2.1.36)

Äèôôåðåíöèðóÿ (2.1.31) ïî S ñ ó÷åòîì óðàâíåíèé (2.1.17) è (2.1.27)

ïîëó÷àåì

ξSt − γσ2er(T−t)ηSS = 0,
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ââèäó (2.1.26) 2ξS = τt è (2.1.36) äàþùåé τt = 0 ïîëó÷àåì, ÷òî ξS = 0 è ñëå-

äîâàòåëüíî ξSt = 0, äàëåå ñîêðàùåíèå ýêñïîíåíòû ïåðåä îñòàâøèìñÿ ÷ëåíîì

ðàçíîñòè äàåò

ηSS = 0. (2.1.37)

Èç (2.1.17) äàþùåé τS = 0, τq = 0, τθ = 0 è (2.1.36) äàþùåé τt = 0

ñëåäóåò, ÷òî τ = const. Îáîçíà÷àåì τ = A. Óðàâíåíèå (2.1.26) äàåò 2ξS = τt

è ââèäó (2.1.36) ïîëó÷àåì ξS = 0, ñëåäîâàòåëüíî ξ èìååò ôîðìó ξ = B, ãäå

BS = 0. Èç óðàâíåíèé (2.1.17) ξq = 0, ξθ = 0 ïîëó÷àåì, ÷òî B çàâèñèò òîëüêî

îò t. Òàê êàê ïî (2.1.33) αq = rτ − τt/2, òî ïîäñòàíîâêà τ = A äàåò αq = rA

è ñëåäîâàòåëüíî èíòåãðèðîâàíèå äàåò α = rAq + L ãäå Lq = 0, è èç (2.1.17)

αS = 0, αθ = 0 ñëåäóåò, ÷òî L = L(t).

Èíòåãðèðîâàíèå óðàâíåíèÿ (2.1.37) äàåò âèä η = C(t, q, θ)S + J(t, q, θ).

Ñ öåëüþ îïðåäåëåíèÿ ïåðåìåííûõ ïî êîòîðûì èçìåíÿåòñÿ C âñïîìèíàåì èç

(2.1.24), ÷òî ηSθ = 0, ηSq = 0 è ñëåäîâàòåëüíî C = C(t). Ïîñëå ïîäñòàíîâêè

ïîëó÷åííîãî â óðàâíåíèå (2.1.32) ïîëó÷àåì, ÷òî Jθ = rτ = rA è èíòåãðèðîâà-

íèå äàåò, ÷òî J = rAθ+K(t, q). Ïîäñòàíîâêà â íàõîäÿùèéñÿ â (2.1.24) ηqq = 0

äàåò Kqq = 0 è ñëåäîâàòåëüíî åãî èíòåãðèðîâàíèå äàåò K = N(t)q + D(t).

Äàëåå ïîäñòàíîâêà â (2.1.24) ηtq = 0 äàåò Nt = 0 è ñëåäîâàòåëüíî N = const.

Ïîëó÷åííîå ôîðìóëèðóåòñÿ â âèäå

τ = A, (2.1.38)

ξ = B(t), (2.1.39)

α = rAq + L(t), (2.1.40)

η = rAθ +Nq +D(t) + C(t)S. (2.1.41)
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Ïîäñòàâëÿåì ïîëó÷åííîå â óðàâíåíèå (2.1.34) è ïîëó÷àåì

r2Aθ + rNq + rD(t) + rC(t)S − rS(rAq + L(t))− rqB(t)+

+
r

2
γσ2er(T−t)q2A+ (µ− γσ2er(T−t)q)(−C(t) + rAq + L(t))−D′(t)−

−C ′(t)S + θqL
′(t) + ζ − rA(rθ + (µ− rS)q − 1

2
γσ2er(T−t)q2 + F ) = 0.

(2.1.42)

Ââèäó óðàâíåíèé íà ζ (2.1.24) ïðîâîäèòñÿ äèôôåðåíöèðîâàíèå ïîëó÷åííîãî

óðàâíåíèÿ ïî S, q, θ. Äèôôåðåíöèðîâàíèå ïî θ äàåò

r2A− rAr = 0.

Äèôôåðåíöèðîâàíèå ïî S äàåò

rC(t)− r(rAq + L(t))− C ′(t)− rA(−rq) = rC(t)− rL(t)− C ′(t) = 0.

(2.1.43)

Äèôôåðåíöèðîâàíèå ïî q äàåò

rN − r2SA− rB(t) + rγσ2er(T−t)qA− γσ2er(T−t)(−C(t) + rAq + L(t))+

+(µ− γσ2er(T−t)q)rA− rA(µ− rS − γσ2er(T−t)q) = 0.

Çàìåòèì, ÷òî â ïîñëåäíåé ñòðîêå ìîæíî âûíåñòè (µ − γσ2er(T−t)q) è òîãäà

ââèäó rA − rA = 0 ïðîèñõîäèò ñîêðàùåíèå. Åñëè â ïåðâîé ñòðî÷êå ñîáðàòü

âñå ÷ëåíû ñ γσ2er(T−t) ïîä ñêîáêó, òî ïîëó÷àåòñÿ, ÷òî â íåé íàõîäÿòñÿ rAq +

C(t)−rAq−L(t) = C(t)−L(t). Ïðè ðàñêðûòèè ïîñëåäíåé ñêîáêè óìíîæåíèå

−rA íà −rS äàåò r2SA è òîãäà îí ñîêðàòèòñÿ ñ àíàëîãè÷íì ÷ëåíîì ñòîÿùèì

â íà÷àëå ïåðâîé ñòðîêè. È ñëåäîâàòåëüíî ñîêðàùåíèå äàñò

rN − rB(t) + γσ2er(T−t)(C(t)− L(t)) = 0. (2.1.44)

Îñòàâøååñÿ â (2.1.42) ïîñëå óáèðàíèÿ ÷ëåíîâ ñîäåðæàùèõ θ, S, q

rD(t) + µ(−C(t) + L(t))−D′(t) + θqL
′(t) + ζ − rAF = 0. (2.1.45)
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Äèôôåðåíöèðóÿ åãî ïî θq ïîëó÷àåì L
′(t)− ζθq = 0, ïðîäèôôåðåíöèðîâàâ åãî

äàëåå ïî t ñ ó÷åòîì (2.1.24) ïîëó÷àåì L′′(t) = 0 è ñëåäîâàòåëüíî èíòåãðèðî-

âàíèå äàåò L(t) = Ut+ L̃.

L(t) = Ut+ L̃. (2.1.46)

Äàëåå ïîäñòàâëÿåì (2.1.38)-(2.1.41) â (2.1.31)

B′ + γσ2er(T−t)(−qrA− C(t) + rAq + L(t)) =

= B′(t) + γσ2er(T−t)(−C(t) + L(t)) = 0. (2.1.47)

Ïîäñòàâëÿåì (2.1.46) â (2.1.43) è ïîëó÷àåì

C ′(t) = rC(t)− rUt− rL̃.

Åãî îáùåå ðåøåíèå èìååò âèä

C(t) = C̃ert + Ut+ L̃+ U/r. (2.1.48)

Ñ äðóãîé ñòîðîíû ñêëàäûâàÿ (2.1.47) è (2.1.44) ïîëó÷àåì

rN − rB(t) +B′(t) = 0.

Åãî îáùåå ðåøåíèå èìååò âèä

B(t) = B̃ert +N. (2.1.49)

Ïîäñòàíîâêà ïîëó÷åííûõ B è C â (2.1.44) äàåò

−rB̃ert + γσ2er(T−t)(C̃ert + U/r) = 0,

−rB̃ert + γσ2erT C̃ + γσ2er(T−t)U/r = 0. (2.1.50)

Ïðè äîìíîæåíèè íà ert îáðàçóåòñÿ ìíîãî÷ëåí îò ert âèäà

P2(e
rt) = −rB̃e2rt + γσ2erT+rtC̃ + γσ2erTU/r = 0. (2.1.51)
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Ìíîãî÷ëåíû òîæäåñòâåííî ðàâíû íóëþ òîëüêî ïðè ðàâåíñòâó íóëþ âñåõ ñâîèõ

êîýôôèöèåíòîâ è ñëåäîâàòåëüíî B̃ = 0, C̃, U = 0. Òîãäà îáùèå ðåøåíèÿ äëÿ

L (2.1.46), äëÿ B (2.1.49) è äëÿ C (2.1.48) ïðèìóò âèä

L(t) = L̃, B(t) = N, C(t) = L̃. (2.1.52)

Ñëåäîâàòåëüíî (2.1.38) - (2.1.41) çàïèñûâàþòñÿ êàê

τ = A, (2.1.53)

ξ = N, (2.1.54)

α = rAq + L̃, (2.1.55)

η = rAθ +Nq +D(t) + L̃S. (2.1.56)

Ïîäñòàâëÿåì (2.1.52) â (2.1.45) è ïîëó÷àåì

rD(t)−D′(t) + ζ − rAF = 0. (2.1.57)

Äèôôåðåíöèðóÿ ïî t, è ââèäó (2.1.24) ζt = 0, ïîëó÷àåì rD′(t)−D′′(t) =

0 è ñëåäîâàòåëüíî D(t) = Dert + I.

τ = A, (2.1.58)

ξ = N, (2.1.59)

α = rAq + L̃, (2.1.60)

η = rAθ +Nq + L̃S +Dert + I, (2.1.61)

ζ = rAF − rI. (2.1.62)

Ñëåäîâàòåëüíî ïîëó÷àåì óòâåðæäåíèå

Òåîðåìà 2.1.1. Áàçèñ àëãåáðû Ëè îïåðàòîðîâ ãðóïï ïðåîáðàçîâàíèé ýâèâà-

ëåíòíîñòè óðàâíåíèÿ (2.1.1) îáðàçóþò îïåðàòîðû

X1 = ∂θ − r∂F , X2 = ∂t + rq∂q + rθ∂θ + rF∂F ,

X3 = ∂q + S∂θ, X4 = ∂S + q∂θ, X5 = ert∂θ.
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Ðåøàÿ óðàâíåíèå Ëè ïîëó÷àåì

X1 : θ̄ = θ + a1, F̄ = F − ra1. (2.1.63)

X2 : t̄ = a2 + t, q̄ = era2q, θ̄ = era2θ, F̄ = era2F. (2.1.64)

X3 : q̄ = a3 + q, θ̄ = Sa3 + θ. (2.1.65)

X4 : S̄ = S + a4, θ̄ = qa4 + θ. (2.1.66)

X5 : θ̄ = erta5 + θ. (2.1.67)

Ìíîãîïàðàìåòðè÷åñêàÿ ãðóïïà Ëè

t̄ = a2 + t, (2.1.68)

S̄ = S + a4, (2.1.69)

q̄ = era2(q + a3), (2.1.70)

θ̄ = era2(θ + a1 + (S + a4)a3 + qa4 + erta5), (2.1.71)

F̄ = era2(F − ra1). (2.1.72)

Ïðîäîëæåíèå îïåðàòîðà ηq ðàâíî P + 2rAθq − 2rAθq = P è ñëåäîâàòåëüíî

θ̄q = θq + a4. (2.1.73)

È ñëåäîâàòåëüíî ñóæåíèå ïðåîáðàçîâàíèé ýâèâàëåíòíîñòè íà ïðîèçâîëüíûé

ýëåìåíò F è åãî àðãóìåíò θq äàåò

F̄ = era2(F − ra1), θ̄q = θq + a4. (2.1.74)

2.2. Ãðóïïîâàÿ êëàññèôèêàöèÿ

Íà óðàâíåíèå

θt = rθ + (µ− rS)q − µθS − σ2θSS/2− γσ2er(T−t)(θS − q)2/2 + F (θq). (2.2.1)

äåéñòâóåì âòîðûì ïðîäîëæåíèåì îïåðàòîðà X = τ∂t + ξ∂S + α∂q + η∂θ.

X̃ = X + ηq∂θq + ηS∂θS + ηt∂θt + ηSS∂θSS .
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Ãäå ôóíêöèè τ , ξ, α, η çàâèñÿò îò t, S, q, θ. Òîãäà ïîëó÷àåòñÿ

−ηt + rη + (µ− rS)α− rqξ − µηS − 1

2
σ2ηSS − γσ2er(T−t)(θS − q)ηS+

+γσ2er(T−t)(θS − q)α +
r

2
γσ2er(T−t)(θS − q)2τ + F ′ηq|M =

= −ηt + rη + (µ− rS)α− rqξ − µηS+

+γσ2er(T−t)(θS − q)(−ηS + α +
r

2
(θS − q)τ) + F ′ηq − 1

2
σ2ηSS|M =

−ηt + rη − rSα− rqξ + (µ+ γσ2er(T−t)(θS − q))(−ηS + α)+

+
r

2
γσ2er(T−t)(θS − q)2τ + F ′ηq − 1

2
σ2ηSS|M = 0.

(2.2.2)

Ïîäñòàíîâêà ôîðìóë ïðîäîëæåíèé (2.1.4) äàåò

−(ηt + θtηθ − θt(τt + θtτθ)− θS(ξt + θtξθ)− θq(αt + θtαθ))+

+rη − rSα− rqξ + (µ+ γσ2er(T−t)(θS − q))·

·(−(ηS + θSηθ − θt(τS + θSτθ)− θS(ξS + θSξθ)− θq(αS + θSαθ)) + α)+

+
r

2
γσ2er(T−t)(θS − q)2τ+

+F ′(ηq + θqηθ − θt(τq + θqτθ)− θS(ξq + θqξθ)− θq(αq + θqαθ))−

−1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ − 2θSt(τS + θSτθ)+

+θSS(ηθ − θtτθ − θqαθ − 2ξS − 3θSξθ)− 2θSq(αS + θSαθ)−

−θt(τSS + 2τSθθS + θ2
Sτθθ)− θS(ξSS + 2ξSθθS + θ2

Sξθθ)−

−θq(αSS + 2αSθθS + θ2
Sαθθ))|M = 0.

(2.2.3)

Ñîáèðàåì ÷ëåíû ñ θt âïåðåäè óðàâíåíèÿ

θt((µ+ γσ2er(T−t)(θS − q))(τS + θSτθ)− ηθ + τt + θSξθ + θqαθ+

+
1

2
σ2((τSS + 2τSθθS + θ2

Sτθθ) + θSSτθ)− F ′(τq + θqτθ)) + θ2
t τθ+

+rη − rSα− rqξ + (µ+ γσ2er(T−t)(θS − q))·

·(−(ηS + θSηθ − θS(ξS + θSξθ)− θq(αS + θSαθ)) + α)−

(2.2.4)
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−(ηt − θSξt − θqαt) +
r

2
γσ2er(T−t)(θS − q)2τ+

+F ′(ηq + θqηθ − θS(ξq + θqξθ)− θq(αq + θqαθ))−

−1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ − 2θSt(τS + θSτθ)+

+θSS(ηθ − θqαθ − 2ξS − 3θSξθ)− 2θSq(αS + θSαθ)−

−θS(ξSS + 2ξSθθS + θ2
Sξθθ)− θq(αSS + 2αSθθS + θ2

Sαθθ))|M = 0.

Ïåðåõîäèì ê ìíîãîîáðàçèþ ïîäñòàíîâêîé θt

(rθ + (µ− rS)q − µθS − σ2θSS/2− γσ2er(T−t)(θS − q)2/2 + F )2τθ+

+(rθ + (µ− rS)q − µθS − σ2θSS/2− γσ2er(T−t)(θS − q)2/2 + F )·

·((µ+ γσ2er(T−t)(θS − q))(τS + θSτθ)− ηθ + τt + θSξθ + θqαθ+

+
1

2
σ2((τSS + 2τSθθS + θ2

Sτθθ) + θSSτθ)− F ′(τq + θqτθ))+

+rη − rSα− rqξ + (µ+ γσ2er(T−t)(θS − q))·

·(−(ηS + θSηθ − θS(ξS + θSξθ)− θq(αS + θSαθ)) + α)−

−(ηt − θSξt − θqαt) +
r

2
γσ2er(T−t)(θS − q)2τ+

+F ′(ηq + θqηθ − θS(ξq + θqξθ)− θq(αq + θqαθ))−

−1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ − 2θSt(τS + θSτθ)+

+θSS(ηθ − θqαθ − 2ξS − 3θSξθ)− 2θSq(αS + θSαθ)−

−θS(ξSS + 2ξSθθS + θ2
Sξθθ)− θq(αSS + 2αSθθS + θ2

Sαθθ)) = 0.

(2.2.5)

Îòäåëåíèå θSq è θSt â (2.2.5) ïðèâîäèò ê óðàâíåíèÿì −2(αS + θSαθ) = 0 è

− 2(τS + θSτθ) = 0 è èõ ðàçäåëåíèå äàåò τS = 0, τθ = 0, αS = 0, αθ = 0.

Ñëåäîâàòåëüíî èõ çàíóëåíèå â óðàâíåíèè (2.2.5) äàñò

(rθ + (µ− rS)q − µθS − σ2θSS/2− γσ2er(T−t)(θS − q)2/2 + F )·

·(−ηθ + τt + θSξθ − F ′τq) + rη − rSα− rqξ+

+(µ+ γσ2er(T−t)(θS − q))(−(ηS + θSηθ − θS(ξS + θSξθ)) + α)−

(2.2.6)
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−(ηt − θSξt − θqαt) +
r

2
γσ2er(T−t)(θS − q)2τ+

+F ′(ηq + θqηθ − θS(ξq + θqξθ)− θqαq)−

−1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ + θSS(ηθ − 2ξS − 3θSξθ)−

−θS(ξSS + 2ξSθθS + θ2
Sξθθ)) = 0.

Ïîëó÷åííûå è íåíóìåðîâàííûå ðàíåå óñëîâèÿ ïðîíóìåðóåì îòäåëüíî

τS = 0, τθ = 0, αS = 0, αθ = 0. (2.2.7)

Îòäåëåíèå â óðàâíåíèè (2.2.6) θSS ñ ó÷åòîì îáùåãî ìíîæèòåëÿ −σ2/2

ïðèâîäèò ê

−1

2
σ2(−ηθ + τt + θSξθ − F ′τq + ηθ − 2ξS − 3θSξθ) =

= −1

2
σ2(τt − F ′τq − 2ξS − 2θSξθ) = 0.

(2.2.8)

Ïîëó÷àåì îòñþäà îòäåëåíèåì θS óðàâíåíèå ξθ = 0 è äèôôåðåíöèðîâàíèåì ïî

S óðàâíåíèå ξSS = 0 ââèäó (2.2.7) è ñëåäîâàòåëüíî

τt − F ′τq − 2ξS = 0, ξSS = 0, ξθ = 0. (2.2.9)

Â õîäå äåéñòâèé íàä (2.2.6) ïîäñòàâëÿåì ξθ = 0, ξSS = 0, ðàñêðûâàåì

÷àñòü ñêîáîê, ñîêðàùàåì ìíîæèòåëè ñ θSS è ïîëó÷àåì

(rθ + (µ− rS)q − µθS − γσ2er(T−t)(θS − q)2/2 + F )(−ηθ + τt − F ′τq)+

+rη − rSα− rqξ + (µ+ γσ2er(T−t)(θS − q))(−ηS − θSηθ + θSξS + α)−

−ηt + θSξt + θqαt +
r

2
γσ2er(T−t)(θS − q)2τ+

+F ′(ηq + θqηθ − θSξq − θqαq)−
1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ) = 0.

Âû÷èñëÿåì âñïîìîãàòåëüíîå âûðàæåíèå

(θS − q)(−ηS − θSηθ + θSξS + α) =

= θ2
S(ξS − ηθ) + θS(qηθ − qξS − ηS + α) + q(ηS − α).
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Äàëåå ðàñêðûâàåì ñîîòâåòñòâóþùóþ ñêîáêó è ñêîáêè ñ (θS − q)2/2 è â ñëàãà-

åìîì ïîëó÷åííîì åðåõîäîì ê ìíîãîîáðàçèþ âíîñèì çíàê âíóòðü ñêîáè

(rθ + (µ− rS)q − µθS + γσ2er(T−t)(qθS −
θ2
S + q2

2
) + F )(−ηθ + τt − F ′τq)+

+rη − rSα− rqξ + µ(−ηS − θSηθ + θSξS + α)+

+γσ2er(T−t)(θ2
S(ξS − ηθ) + θS(qηθ − qξS − ηS + α) + q(ηS − α))−

−ηt + θSξt + θqαt + rγσ2er(T−t)(−qθS +
θ2
S + q2

2
)τ+

+F ′(ηq + θqηθ − θSξq − θqαq)−
1

2
σ2(ηSS + 2θSηSθ + θ2

Sηθθ) = 0.

(2.2.10)

Îòäåëÿåì θ2
S è ïîëó÷àåì

−1

2
γσ2er(T−t)(−ηθ + τt − F ′τq) + γσ2er(T−t)(ξS − ηθ) +

rτ

2
γσ2er(T−t) − 1

2
σ2ηθθ = 0.

Âûíîñèì ýêñïîíåíòó è ðàñðûâàåì ñêîáêè

γσ2er(T−t)(ηθ/2− (τt − F ′τq)/2− ηθ + ξS + rτ/2)− 1

2
σ2ηθθ = 0.

Âû÷èòàåì ηθ è ïðèìåíÿåì (2.2.9) 2ξS = τt − F ′τq è ïîëó÷àåì ñ ïîñëåäóþùèì

ñîêðàùåíèåì

γσ2er(T−t)(−2ξS/2− ηθ/2 + ξS + rτ/2)− 1

2
σ2ηθθ = 0,

γσ2er(T−t)(−ηθ/2 + rτ/2)− 1

2
σ2ηθθ = 0,

γer(T−t)(−ηθ + rτ)− ηθθ = 0

(2.2.11)

Îòäåëÿåì θS â (2.2.10) è ïîëó÷àåì

(−µ+ γσ2er(T−t)q)(−ηθ + τt − F ′τq)+

+µ(−ηθ + ξS) + γσ2er(T−t)q(ηθ − ξS) + γσ2er(T−t)(−ηS + α)+

+ξt − rγσ2er(T−t)qτ − F ′ξq − σ2ηSθ =

= (−µ+ γσ2er(T−t)q)(−ηθ + τt − F ′τq)+

+(µ− γσ2er(T−t)q)(−ηθ + ξS) + γσ2er(T−t)(−ηS + α)+

+ξt − rγσ2er(T−t)qτ − F ′ξq − σ2ηSθ = 0.
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Ïðèìåíÿåì (2.2.9) è äàëåå çàìå÷àåì è âûíîñèì îáùèé ìíîæèòåëü (µ−γσ2er(T−t)q)

ñ ïîñëåäóþùèì ñîêðàùåíèåì âíóòðè ñêîáêè è âûíîñèì ìíîæèòåëü ó äâóõ

äðóãèõ ÷ëåíîâ ñóììû γσ2er(T−t)

(−µ+ γσ2er(T−t)q)(−ηθ + 2ξS) + (µ− γσ2er(T−t)q)(−ηθ + ξS)+

+γσ2er(T−t)(−ηS + α) + ξt − rγσ2er(T−t)qτ − F ′ξq − σ2ηSθ = 0,

(µ− γσ2er(T−t)q)(−ηθ + ξS + ηθ − 2ξS) + γσ2er(T−t)(−ηS + α− rτq)+

+ξt − F ′ξq − σ2ηSθ = 0.

Ïîñëå ñîêðàùåíèÿ ïîëó÷àåì è äàëåå ðàñêðûâàåv ñêîáêó (µ − γσ2er(T−t)q) è

âûíîñèì îáùèé ìíîæèòåëü γσ2er(T−t)

−(µ− γσ2er(T−t)q)ξS + γσ2er(T−t)(−ηS + α− rτq) + ξt − F ′ξq − σ2ηSθ = 0,

−µξS + ξt + γσ2er(T−t)(q(ξS − rτ)− ηS + α)− F ′ξq − σ2ηSθ = 0.

(2.2.12)

Çàïèñûâàåì îñòàâøèåñÿ ÷ëåíû ñóììû (2.2.10)

(rθ + (µ− rS)q − γσ2er(T−t)q2/2 + F )(−ηθ + τt − F ′τq) + rη − rSα− rqξ+

+(µ− γσ2er(T−t)q)(−ηS + α)− ηt + θqαt +
r

2
γσ2er(T−t)q2τ+

+F ′(ηq + θqηθ − θqαq)−
1

2
σ2ηSS = 0.

(2.2.13)

Ïåðåä íà÷àëîì èíòåãðèðîâàíèåì ñîáèðàåì ðàíåå ïîëó÷åííûå ðàâåíñòâà

(2.2.13), (2.2.11), (2.2.12), (2.2.9), (2.2.7) â îäíî ìåñòî, ïðåäâàðèòåëüíî çàìåíèâ

â (2.2.13) τt − F ′τq íà 2ξS ïî (2.2.9).

(rθ + (µ− rS)q − γσ2er(T−t)q2/2 + F )(−ηθ + 2ξS)+

+rη − rSα− rqξ + (µ− γσ2er(T−t)q)(−ηS + α)− ηt + θqαt+

+
r

2
γσ2er(T−t)q2τ + F ′(ηq + θqηθ − θqαq)−

1

2
σ2ηSS = 0,

(2.2.14)

ξθ = 0, ξSS = 0, τS = 0, τθ = 0, αS = 0, αθ = 0, (2.2.15)

τt − F ′τq − 2ξS = 0, (2.2.16)
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γe(T−t)(−ηθ + rτ)− ηθθ = 0, (2.2.17)

−µξS + ξt + γσ2er(T−t)(q(ξS − rτ)− ηS + α)− F ′ξq − σ2ηSθ = 0. (2.2.18)

Èíòåãðèðóÿ (2.2.15) ξSS = 0 ïîëó÷àåì ξ = A(t, q, θ)S + B(t, q, θ). Èç

(2.2.15) ξθ = 0 ïîëó÷àåì, ÷òî ξ = A(t, q)S+B(t, q). Ââèäó òîãî, ÷òî ïî (2.2.15)

τθ = 0 óðàâíåíèå (2.2.17) ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì äëÿ ηθ.

Åãî ðåøåíèå äàåò

ηθ = rτ + M̃(t, S, q) exp(−γ exp(r(T − t))θ). Ïîñëå äàëüíåéøåãî èíòåãðèðîâà-
íèÿ ïîëó÷àåì ηθ = rτθ−M̃(t, S, q) exp(−γ exp(r(T − t))θ)/(γ exp(r(T − t))) +

J(t, S, q). Âûïèñûâàåì ïîëó÷åííîå ïåðåîáîçíà÷èâM = −M̃(t, S, q)/(γ exp(r(T−
t)))

ξ = A(t, q)S +B(t, q),

η = rτθ +M(t, S, q)e−γe
r(T−t)θ + J(t, S, q).

(2.2.19)

Ïîäñòàâëÿåì èõ â (2.2.18) è ïîëó÷àåì

−µA+ AtS +Bt + γσ2er(T−t)(q(A− rτ)−

−MSe
−γer(T−t)θ − JS + α)− F ′(AqS +Bq) + γσ2er(T−t)MSe

−γer(T−t)θ = 0.

Ñîêðàùåíèå MS äàñò

−µA+ AtS +Bt + γσ2er(T−t)(q(A− rτ)− JS + α)− F ′(AqS +Bq) = 0.

(2.2.20)

åãî äèôôåðåíöèðîâàíèå äâà ðàçà ïî S äàåò ââèäó (2.2.15) JSSS = 0. Ñëåäî-

âàòåëüíî J = C2(t, q)S
2 +C1(t, q)S+D(t, q). Ïîäñòàâëÿåì åãî ñíîâà â (2.2.20)

è ïîëó÷àåì

−µA+ AtS +Bt + γσ2er(T−t)(q(A− rτ)− 2C2S − C1 + α)− F ′(AqS +Bq) = 0.

ðàçäåëåíèå ïî S äàåò

−µA+Bt + γσ2er(T−t)(q(A− rτ)− C1 + α)− F ′Bq = 0, (2.2.21)
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At − 2γσ2er(T−t)C2 − F ′Aq = 0. (2.2.22)

Äàëåå ïîäñòàâëÿåì J = C2(t, q)S
2 + C1(t, q)S +D(t, q) â (2.2.19)

ξ = A(t, q)S +B(t, q),

η = rτθ +M(t, S, q)e−γe
r(T−t)θ +D(t, q) + C1(t, q)S + C2(t, q)S

2.
(2.2.23)

Ïîäñòàíîâêà ξ â (2.2.16) äàåò

τt − F ′τq − 2A = 0 (2.2.24)

Ïîäñòàâëÿåì â (2.2.14) âûðàæåíèå (2.2.19), J ïîäñòàâèì ïîçæå, êîãäà

îòäåëèì ÷àñòü ñ áåñêîíå÷íîé ïðîèçâîäíîé ïî θ

(rθ + (µ− rS)q − γσ2er(T−t)q2/2 + F )(−rτ + γMer(T−t)e−γe
r(T−t)θ+

+2A) + r(rτθ +Me−γe
r(T−t)θ + J)− rSα− rq(AS +B)+

+(µ− γσ2er(T−t)q)(−(MSe
−γer(T−t)θ + JS) + α)−

−(rτtθ +Mte
−γer(T−t)θ + rγMer(T−t)θe−γe

r(T−t)θ + Jt) + θqαt+

+
r

2
γσ2er(T−t)q2τ − 1

2
σ2(MSSe

−γer(T−t)θ + JSS)+

+F ′((rτqθ +Mqe
−γer(T−t)θ + Jq) + θq(rτ − γMer(T−t)e−γe

r(T−t)θ)− θqαq) = 0

(2.2.25)

Ñòÿãèâàåì â (2.2.25) ÷ëåíû ñ e−γe
r(T−t)θ îòäåëüíî è çàìå÷àåì, ÷òî ðåçóëüòàò

óìíîæåíèÿ rθ íà γMer(T−t)e−γr(T−t)θ èìååò òîò æå âèä, ÷òî è ÷ëåí ñóììû

ñòîÿùèé ðÿäîì ñ ÷ëåíîì ñîäåðæàùèì Mt è ñëåäîâàòåëüíî ââèäó ðàçíîñòè

çíàêîâ îíè â äàëüíåéøåì ñîêðàòÿòñÿ

(rθ + (µ− rS)q − γσ2er(T−t)q2/2 + F )γMer(T−t)e−γe
r(T−t)θ+

+rMe−γe
r(T−t)θ − (µ− γσ2er(T−t)q)MSe

−γer(T−t)θ−

−(Mte
−γer(T−t)θ + rγMer(T−t)θe−γe

r(T−t)θ)+

+F ′(Mqe
−γer(T−t)θ − θqγMer(T−t)e−γe

r(T−t)θ)− 1

2
σ2MSSe

−γer(T−t)θ+

(2.2.26)
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+(rθ + (µ− rS)q − γσ2er(T−t)q2/2 + F )(−rτ + 2A)+

+r(rτθ + J)− rSα− rq(AS +B)+

+(µ− γσ2er(T−t)q)(−JS + α)− (rτtθ + Jt) + θqαt +
r

2
γσ2er(T−t)q2τ+

+F ′((rτqθ + Jq) + θqrτ − θqαq)−
1

2
σ2JSS = 0

(2.2.27)

Âûíîñèì â (2.2.26) ó ñòÿíóòûõ ÷ëåíîâ ìíîæèòåëü e−γe
r(T−t)θ, óìíîæàåì rθ íà

(−rτ + 2A), r íà (rτθ + J) è äàëåå ñîêðàùàåì r2τθ

e−γr(T−t)θ(((µ− rS)q − γσ2er(T−t)q2/2 + F )(γMer(T−t))+

+rM − (µ− γσ2er(T−t)q)MS−

−Mt + F ′(Mq − θqγMer(T−t))− 1

2
σ2MSS)+

+((µ− rS)q − γσ2er(T−t)q2/2 + F )(−rτ + 2A)+

+2rAθ + rJ − rSα− rq(AS +B)+

+(µ− γσ2er(T−t)q)(−JS + α)− (rτtθ + Jt) + θqαt +
r

2
γσ2er(T−t)q2τ+

+F ′((rτqθ + Jq) + θqrτ − θqαq)−
1

2
σ2JSS = 0.

(2.2.28)

Äèôôåðåíöèðóåì äâà ðàçà ïî θ è ïîëó÷àåì

(γer(T−t))2e−γr(T−t)θ(((µ− rS)q − γσ2er(T−t)q2/2 + F )(γMer(T−t))+

+rM − (µ− γσ2er(T−t)q)MS −Mt + F ′(Mq − θqγMer(T−t))− 1

2
σ2MSS) = 0.

Ñîêðàùåíèå ýñïîíåíò (γer(T−t))2e−γr(T−t)θ äàåò

((µ− rS)q − γσ2er(T−t)q2/2 + F )(γMer(T−t))+

+rM − (µ− γσ2er(T−t)q)MS −Mt + F ′(Mq − θqγMer(T−t))− 1

2
σ2MSS = 0.

(2.2.29)

÷òî â âèäó òîãî ÷òîM íå çàâèñèò îò θ â òî÷íîñòè ðàâíî êîýôôèöèåíòó ïåðåä

e−γr(T−t)θ â (2.2.28) è ñëåäîâàòåëüíî îíî ïåðåïèøåòñÿ â ñëåäóþùåì âèäå, ñ
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ó÷åòîì âûíîñà îáùåãî ìíîæèòåëÿ γσ2er(T−t)

((µ− rS)q + F )(−rτ + 2A) + 2rAθ + rJ − rSα− rq(AS +B)+

+(µ− γσ2er(T−t)q)(−JS + α)− (rτtθ + Jt) + θqαt + γσ2er(T−t)q2(rτ − A)+

+F ′((rτqθ + Jq) + θqrτ − θqαq)−
1

2
σ2JSS = 0.

(2.2.30)

Îòäåëÿåì â (2.2.30) ïåðåìåííóþ θ è ïîëó÷àåì

−rτt + F ′rτq + 2rA = 0. (2.2.31)

÷òî ýêâèâàëåíòíî (2.2.24). Ïîäñòàâëÿåì J(t, S, q) â (2.2.30) è ñîêðàùàåì ÷ëå-

íû èìåþùèå ìíîæèòåëè ñ θ

((µ− rS)q + F )(−rτ + 2A) + r(D + C1S + C2S
2)− rSα− rq(AS +B)+

+(µ− γσ2er(T−t)q)(−(C1 + 2C2S) + α)− (Dt + (C1)tS + (C2)tS
2)+

+θqαt + γσ2er(T−t)q2(rτ − A)+

+F ′((Dq + (C1)qS + (C2)qS
2) + θqrτ − θqαq)− σ2C2 = 0.

(2.2.32)

Ðàçäåëÿåì ïî S

S2 : rC2 − (C2)t + F ′(C2)q = 0, (2.2.33)

S : −rq(−rτ + 2A) + rC1 − rα− rqA−

−2C2(µ− γσ2er(T−t)q)− (C1)t + F ′(C1)q = 0,
(2.2.34)

(µq + F )(−rτ + 2A) + rD − rqB + (µ− γσ2er(T−t)q)(−C1 + α)−Dt+

+θqαt + γσ2er(T−t)q2(rτ − A) + F ′(Dq + θqrτ − θqαq)− σ2C2 = 0.

(2.2.35)

Ïåðåïèñûâàåì (2.2.21), (2.2.24), (2.2.23), (2.2.7), (2.2.9) ïåðåä ïðåäïîëîæåíè-

ÿìè íà ôóíröèþ F

S : At − F ′Aq + γσ2er(T−t)(−2C2) = 0, (2.2.36)
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−µA+Bt + γσ2er(T−t)(q(A− rτ)− C1 + α)− F ′Bq = 0, (2.2.37)

τt − F ′τq − 2A = 0, (2.2.38)

ξ = A(t, q)S +B(t, q),

η = rτθ +M(t, S, q)e−γe
r(T−t)θ +D(t, q) + C1(t, q)S + C2(t, q)S

2,
(2.2.39)

τS = 0, τθ = 0, αS = 0, αθ = 0, ξθ = 0. (2.2.40)

2.3. Ïðåäïîëîæåíèå F ′′ 6= 0

Ïðåäïîëàãàåì F ′′ 6= 0 ,

Äèôôåðåíöèðóÿ ïî θq óðàâíåíèå (2.2.29) ïîëó÷àåì

F ′γMer(T−t) + F ′′(Mq − θqγMer(T−t))− F ′γMer(T−t) = F ′′(Mq − θqγMer(T−t)) = 0,

è äàëüíåéøåå ðàçäåëåíèå äàåò M = 0. Äàëåå äèôôåðåíöèðîâàíèå óðàâíåíèé

(2.2.33), (2.2.34), (2.2.36), (2.2.37), (2.2.38) äàåò

(C2)qF
′′ = 0, (C1)qF

′′ = 0, −AqF
′′ = 0 − F ′′Bq = 0, −F ′′τq = 0.

È ñëåäîâàòåëüíî ïî ïðåäïîëîæåíèþ, äîáàâèâ M = 0, ïîëó÷àåì

M = 0, (C2)q = 0, (C1)q = 0, Aq = 0, Bq = 0, τq = 0. (2.3.1)

Çàòåì äèôôåðåíöèðóåì óðàâíåíèå (2.2.37) ïî q è ïîëó÷àåì, ÷òî

−µAq +Bqt + γσ2er(T−t)(q(Aq − rτq) + A− rτ − (C1)q + αq)− F ′Bqq = 0,

Äàëåå ñîêðàùåíèå ñ èñïîëüçîâàíèåì âûøå ïîëó÷åííûõ ðàâåíñòâ (2.3.1) è A =

τt/2 ââèäó (2.2.38) è (2.3.1) äàåò

γσ2er(T−t)(−rτ + A+ αq) = 0,

αq = rτ − A = rτ − τt/2, αqq = 0, A = τt/2. (2.3.2)

Âûðàæàåì C2 èç (2.2.36) ñ ó÷åòîì ïðîèçâîäíûõ ïî q èç (2.3.1)

C2 =
er(t−T )At

2γσ2
. (2.3.3)
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Ïîäñòàâëÿåì åãî â (2.2.33) ñ ó÷åòîì ïðîèçâîäíûõ ïî q èç (2.3.1)

r
er(t−T )At

2γσ2
− re

r(t−T )At

2γσ2
− er(t−T )Att

2γσ2
= −e

r(t−T )Att

2γσ2
= 0. (2.3.4)

Ñëåäîâàòåëüíî ââèäó (2.2.38) Att = τttt/2 = 0. è ïîëó÷àåì

τttt = 0. (2.3.5)

Ðàññìîòðèì (2.2.34), ïðè äèôôåðåíöèðîâàíèè ïî q ïîëó÷àåòñÿ ñ ó÷åòîì (2.3.1)

−r(−rτ + 2A)− rαq − rA+ 2C2γσ
2er(T−t) = 0.

Ïîäñòàâëÿåì â íåãî (2.3.2) è A = τt/2, (2.3.3) ïîëó÷àåì

0 = −r(−rτ + τt)− r(rτ − τt/2)− rτt/2 + 2
er(t−T )τtt

4γσ2
γσ2er(T−t) =

= r2τ − rτt − r2τ + rτt/2− rτt/2 + τtt/2 = 0,

−rτt + τtt/2 = 0. (2.3.6)

Ñëåäîâàòåëüíî ââèäó (2.3.5) ïîëó÷àåì τt = 0 è äàëåå A = τt/2 = 0 è (2.3.2)

αqt = (rτt − τtt/2) = 0.

τt = 0, , A = 0, αqt = 0. (2.3.7)

Äàëåå ïîäñòàâëÿåì A = 0 â (2.2.36) è ïîëó÷àåì C2 = 0. Çàòåì äèôôåðåíöè-

ðóåì (2.2.35) ïî θq è ïîëó÷àåì

F ′(−rτ + 2A) + αt + F ′(rτ − αq) + F ′′(Dq + θq(rτ − αq)) = 0,

F ′(−αq + 2A) + αt + F ′′(Dq + θqrτ − θqαq) = 0. (2.3.8)

Äàëåå åãî äèôôåðåíöèðîâàíèå ïî q äàåò, ñ äàëüíåéøèì ñîêðàùåíèåì ïðè

ïîìîùè (2.3.1), (2.3.2), (2.3.7)

F ′(−αqq + 2Aq) + αqt + F ′′(Dqq + θqrτq − θqαqq) = F ′′Dqq = 0. (2.3.9)
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Ñëåäîâàòåëüíî Dqq = 0. Ñîáèðàÿ óðàâíåíèÿ (2.3.2), (2.3.1), (2.3.7) âûïèñûâà-

åì

τt = 0, τq = 0, Bq = 0, M = 0, (C1)q = 0, αq = rτ − τt/2 = rτ,

αqq = 0, αqt = 0, C2 = 0, A = 0.

(2.3.10)

Ââèäó (2.2.40) è (2.3.10) τ = const. Èíòåãðèðîàíèå αq = rτ äàåò α = rτq +

L(t). Èíòåãðèðîâàíèå Dqq = 0 äàåò D(t, q) = N(t)q + D̄(t). Ñëåäîâàòåëüíî

(2.2.39) ñ äîáàâëåíèåì α è ó÷åòîì (2.3.10) ïåðåïèøåòñÿ êàê, ïðè ïåðåîáîçíà-

÷åíèè C1 = C

τ = const,

α = rτq + L(t),

ξ = B(t),

η = rτθ + C(t)S +N(t)q + D̄(t), ãäå C1 = C.

(2.3.11)

Ïåðåïèñûâàåì óðàâíåíèÿ (2.2.34) è (2.2.35), (2.2.37) ñ ó÷åòîì (2.3.10) C2 = 0,

A = 0, τt = 0

Bt + γσ2er(T−t)(−C(t) + L(t)) = 0. (2.3.12)

−rq(−rτ) + rC − r(rτq + L) + Ct = rC − rL− Ct = 0. (2.3.13)

−rτ(µq + F ) + rNq + rD̄ − rqB + (µ− γσ2er(T−t)q)(−C1 + rτq + L)−

−Ntq − D̄t + θqLt + γσ2er(T−t)q2rτ + F ′N =

= −rτq(µ− γσ2er(T−t)q)− rτF + (µ− γσ2er(T−t)q)(−C1 + rτq + L)+

+rNq + rD̄ − rqB −Ntq − D̄t + θqLt + F ′N =

= −Frτ + rD̄ + rNq − rqB+

+(µ− γσ2er(T−t)q)(−C + L)− D̄t −Ntq + θqLt + F ′N = 0.

(2.3.14)

Îòäåëÿåì q â (2.3.14)

q : rN − rB − γσ2er(T−t)(−C + L)−Nt = 0. (2.3.15)



41

−Frτ + rD̄ + µ(−C + L)− D̄t + θqLt + F ′N = 0. (2.3.16)

Ïîäñòàâëÿåì (2.3.12) â (2.3.15) è ïîëó÷àåì ïîñëå èíòåãðèðîâàíèÿ

rN − rB −Nt +Bt = r(N −B)− (N −B)t = 0, (2.3.17)

B(t) = N(t) +Kert. (2.3.18)

Âûïèñûâàåì óñëîâèÿ âìåñòå, èñïîëüçóÿ (2.3.18)

τ = const, ξ(t) = N(t) +Kert, α = rτq + L(t),

η = rτθ +D(t) +N(t)q + C(t)S,

rC(t)− rL(t) = Ct(t),

N ′(t) + rKert + γσ2er(T−t)(−C(t) + L(t)) = 0.

−Frτ + rD̄ + µ(−C + L)−Dt + θqLt + F ′N = 0.

(2.3.19)

Âûðàæàåì L(t)

L(t) = −(N ′(t) + rKert)er(t−T )

γσ2
+ C(t), (2.3.20)

L′(t) = −r(N ′(t) + rKert)er(t−T )

γσ2
− (N ′′(t) + r2Kert)er(t−T )

γσ2
+ C ′(t). (2.3.21)

Ïîäñòàíîâêà â (2.3.19) äàåò

τ = const, ξ(t) = N(t) +Kert, α = rτq − (N ′(t) + rKert)er(t−T )

γσ2
+ C(t),

η = rτθ +D(t) +N(t)q + C(t)S,

Ct(t) = r
(N ′(t) + rKert)er(t−T )

γσ2
,

L(t) = −(N ′(t) + rKert)er(t−T )

γσ2
+ C(t),

L′(t) = −(N ′′(t) + r2Kert)er(t−T )

γσ2
,

−Frτ + rD̄ − µ(N ′(t) + rKert)er(t−T )

γσ2
−Dt−

−θq
(N ′′(t) + r2Kert)er(t−T )

γσ2
+ F ′N = 0.

(2.3.22)
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Ïîñëåäíåå óðàâíåíèå, îïðåäåëÿþùåå âèä ôóíêöèè F , èìååò âèä

βF ′ + λF + δθq + ε = 0. (2.3.23)

1. Ïóñòü β = λ = 0, òîãäà δ = ε = 0 è ýòîìó óðàâíåíèþ óäîâëåòâîðÿåò

ëþáàÿ ôóíêöèÿ F , ïðè ýòîì N = τ = K = 0, D(t) = D0e
rt. Ñëåäîâàòåëüíî,

ξ = 0, α = C(t) ≡ C0, η = C0S + D0e
rt. Ïîëó÷åíû ñèììåòðèè X1 = ert∂θ è

X2 = ∂q + S∂θ.

2. Åñëè β = 0, λ 6= 0, òî F � ëèíåéíàÿ ôóíêöèÿ, ÷òî ïðîòèâîðå÷èò

ïðåäïîëîæåíèþ F ′′ 6= 0. Ïóñòü β 6= 0, λ = 0. Òîãäà â ñèëó (2.3.23)

F (θq) = − δ

2β
θ2
q −

ε

β
θq + F0.

Ïðè δ = 0 îïÿòü ïîëó÷àåì ïðîòèâîðå÷èå, ïîýòîìó ñ÷èòàåì, ÷òî δ 6= 0. Åñëè

ε 6= 0, âûäåëÿåì ïîëíûé êâàäðàò è çà ñ÷åò ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè

θq = θq + c ïîëó÷àåì F = δ1θ
2
q + F0. Èñïîëüçóÿ ïðåîáðàçîâàíèÿ ýêâèâàëåíò-

íîñòè F = aF + b, ïîëó÷àåì F = θ2
q . Ïîäñòàâëÿåì ýòó ôóíêöèþ â (2.3.22) è

ðàñùåïëÿÿ ýòî óðàâíåíèå ïî θq, ïîëó÷èì τ = 0, N ′′−2γσ2Ner(T−t) = −r2Kert,

3. Ïóñòü òåïåðü β 6= 0, λ 6= 0, δ = 0. Ñ èñïîëüçîâàíèåì ïðåîáðàçîâàíèé

ýêâèâàëåíòíîñòè ïîëó÷èì F = F0e
rνθq ïðè ν 6= 0. Òîãäà èç (2.3.22) ïîëó÷àåì

ðàñùåïëåíèåì ïî θq, ÷òî τ = νN(t), N ′ = 0, K = 0, D = D0e
rt, C(t) ≡ C0,

ξ = const, τ = νξ, α = rνξq + C0, η = rνξθ + C0S + ξq + D0e
rt. Îòñþäà

ïîëó÷àåì ñèììåòðèè X1 = ert∂θ è X2 = ∂q + S∂θ, X3 = ν∂t + ∂S + rνq∂q +

(rνθ+ q)∂θ. Òîãäà äëÿ ôóíêöèè F (θq) = eνθq ïîëó÷èì òðåòèé îïåðàòîð â âèäå

X3 = ν∂t + r∂S + rνq∂q + (rνθ + rq)∂θ.

4. Ïðè β 6= 0, λ 6= 0, δ 6= 0 ñ ïîìîùüþ ïðåîáðàçîâàíèé ýêâèâà-

ëåíòíîñòè ïîëó÷èì óðàâíåíèå F ′ − rνF + κθq = 0, ν 6= 0, äëÿ êîòîðîãî

F (θq) = F1e
νθq + κθq/ν + κ/ν2. Ýòó ôóíêöèþ òåìè æå ïðåîáðàçîâàíèÿìè ýê-

âèâàëåíòíîñòè ïðåîáðàçóåì ê F (θq) = erνθq + F0θq, ν 6= 0, F0 6= 0. Òîãäà â

ñèëó (2.3.22) τ = νN(t), N ′ = 0, K = τ = N = 0, D = D0e
rt, ξ = 0, α = C0,

η = C0S +D0e
rt. Îòñþäà ïîëó÷àåì ñèììåòðèè X1 = ert∂θ è X2 = ∂q + S∂θ.
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Âîçüìåì F (θq) = θ2
q , òîãäà óðàâíåíèå (1) ïðèìåò âèä

2N(t)θq − rτθ2
q −

(N ′′(t) + r2Kert)er(t−T )

γσ2
θq −D′(t) + rD(t)−

−µ(N ′(t) + rKert)er(t−T )

γσ2
= 0.

(2.3.24)

Îòñþäà τ = 0,

N ′′(t)− 2γσ2er(T−t)N(t) = −r2Kert. (2.3.25)

2.4. Ðåøåíèå óðàâíåíèÿ (2.3.25)

Äåëàåì çàìåíó N(t) = B(t)−Kert. Òîãäà óðàâíåíèå (2.3.25) ïåðåïèñûâàåòñÿ
êàê

B′′(t)− 2γσ2er(T−t)B(t) = −2Kγσ2erT . (2.4.1)

Äåëàåì çàìåíó x = 2
r

√
2γσ2er(T−t), e−rt = r2x2

8γσ2erT . Òîãäà ðåçóëüòàò âû-

÷èñëåíèÿ ïðîèçâîäíûõ

Bt = −Bx

√
2γσ2er(T−t) = −r

2
Bxx, (2.4.2)

Btt = Bxx2γσ
2er(T−t) +

r

2
Bx

√
2γσ2er(T−t) =

= (
r

2
)2Bxxx

2 + (
r

2
)2Bxx.

(2.4.3)

Ïîäñòàíîâêà â óðàâíåíèå (2.4.1) äàåò

(
r

2
)2Bxxx

2 + (
r

2
)2Bxx− (

r

2
)2x2B = −2Kγσ2erT , x > 0. (2.4.4)

Òîãäà, åñëè k = −(2
r)

22Kγσ2erT òî ïîëó÷èòñÿ

Bxxx
2 +Bxx− x2B = k, x > 0. (2.4.5)

Ýòà ôóíêöèÿ ÿâëÿåòñÿ íåîäíîðîäíûì ìîäèôèöèðîâàííûì óðàâíåíèåì

Áåññåëÿ èíäåêñà ν = 0 èëè ìîäèôèöèðîâàííûì óðàâíåíèåì Ëîìåëÿ ñ µ =

−1, ν = 0.
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Îáû÷íî èñïîëüçóåìûå ïðåäñòàâëåíèÿ ÷àñòíîãî ðåøåíèÿ óðàâíåíèÿ Ëîì-

ìåëÿ íå îïðåäåëåííû ïðè µ± ν = −1,−3,−5, . . . , ââèäó îñîáûõ òî÷åê Ãàììà

ôóíêöèè èëè ðàâåíñòâó íóëþ çíàìåíàòåëÿ.

Ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé óðàâíåíèÿ Bxxx
2 +Bxx−x2B = 0

ÿâëÿþòñÿ ìîäèôèöèðîâàííûå ôóíêöèè Áåññåëÿ ïåðâîãî I0(x) è âòîðîãî ðîäà

K0(x) (Êîðåíåâ, Ââåäåíèå â òåîðèþ Áåññåëåâûõ ôóíêöèé ñòð. 19-20).

Iν(x) = e−νπi/2Jν(ix), I0(x) =
∞∑
m=0

(x/2)2m

(m!)2
, (2.4.6)

Kν(x) =
π

2 sin νπ
[I−ν(x)− Iν(x)] , ν /∈ Z, Kn(x) = lim

ν→n
Kν(x), (2.4.7)

Èõ Âðîíñêèàí (Êîðåíåâ, Ââåäåíèå â òåîðèþ Áåññåëåâûõ ôóíêöèé, ñòð.

31)

W (x) =

∣∣∣∣∣I0(x) K0(x)

I ′0(x) K ′0(x)

∣∣∣∣∣ = −1

x
. (2.4.8)

×àñòíîå ðåøåíèå, ïî àíàëîãèè ñ ðåøåíèåì óðàâíåíèÿ Ëîììåëÿ, èìååò

âèä

B÷àñò(x) = kI0(x)

∫ x

x0

K0(s)/sds− kK0(x)

∫ x

x0

I0(s)/sds (2.4.9)

B′÷àñò(x) = kI ′0(x) ∈xx0 tK0(s)/sds− kK ′0(x)

∫ x

x0

I0(s)/sds (2.4.10)

B′′÷àñò(x) = kI ′′0 (x)

∫ x

x0

K0(s)/sds− kK ′′0 (x)

∫ x

x0

I0(s)/sds+

+kI ′0(x)K0(x)/x− kK ′0(x)I0(x)/x =

= kI ′′0 (x)

∫ x

x0

K0(s)/sds− kK ′′0 (x)

∫ x

x0

I0(s)/sds− kW (x)/x.

(2.4.11)

Ìîäèôèöèðîâàíààÿ èíòåãðàëüíàÿ ôóíêöèÿ Áåññåëÿ âòîðîãî ðîäà(Ïðóäíèêîâ

Èíòåðàëû è ðÿäû. Òîì 3. Ñïåöèàëüíûå ôóíêêöèè. Äîïîëíèòåëüíûå ãëàâû.

ñòð. 659)

Kiν(x) =

∫ ∞
x

Kν(s)/sds. (2.4.12)
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Äëÿ íåå åñòü ïðåäñòàâëåíèå â âèäå g ôóíêöèè Ìåéåðà(Ïðóäíèêîâ Èí-

òåðàëû è ðÿäû. Òîì 3. Ñïåöèàëüíûå ôóíêêöèè. Äîïîëíèòåëüíûå ãëàâû. ñòð.

567)

Kiν(2
√
x) =

1

4
G3,0

1,3

(
x

∣∣∣∣∣ 1

0, ν/2, −ν/2

)
(2.4.13)

Ôóíêöèÿ J0(s) âûðàæàåòñÿ ÷åðåç (Áåéòìàí Âûñøèå òðàíñöåäåíòíûå

ôóíêöèè, ôîðìóëà 44, ñòð. 214 èëè Ïðóäíèêîâ, Èíòåãðàëû è ðÿäû. Òîì 3.

ïåöèàëüíûå ôóíêöèè. Äîïîëíèòåëüíûå ãëàâû ñòð. 549 ïóíêò 8.4.19)

xµJν(x) = 2µG1,0
0,2

(
1

4
x2

∣∣∣∣∣ ·
µ/2 + ν/2, µ/2− ν/2

)
(2.4.14)

È ñëåäîâàòåëüíî

I0(x) = J0(ix) = G1,0
0,2

(
−1

4
x2

∣∣∣∣∣ ·0, 0

)
. (2.4.15)

Äàëåå ïîâûøàåì ïîðÿäîê ôîðìóëîé ïîíèæåíèÿ ïîðÿäêà (Ïðóäíèêîâ,

Èíòåãðàëû è ðÿäû. Òîì 3. ïåöèàëüíûå ôóíêöèè. Äîïîëíèòåëüíûå ãëàâû ñòð.

521 ôîðìóëà 9)

Gmn
pq

(
x

∣∣∣∣∣(ap−1), b1

(bq)

)
= Gm−1,n

p−1,q−1

(
x

∣∣∣∣∣ (ap−1)

b2, . . . , bq

)
(2.4.16)

È ñëåäîâàòåëüíî

I0(x) = G1,0
0,2

(
−1

4
x2

∣∣∣∣∣ ·0, 0

)
= G2,0

1,3

(
−1

4
x2

∣∣∣∣∣ 1

1, 0, 0

)
.

Ðàññìîòðèì èíòåãðàë∫ x

x0

1

s
G2,0

1,3

(
−1

4
s2

∣∣∣∣∣ 1

1, 0, 0

)
ds = [l = −1

4
s2] =

=

∫ − 1
4x

2

− 1
4x

2
0

1

2l
G2,0

1,3

(
l

∣∣∣∣∣ 1

1, 0, 0

)
dl
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Ïðè m ≥ 1 èìååòñÿ ôîðìóëà äèôôåðåíöèðîâàíèÿ (Ïðóäíèêîâ, Èíòå-

ãðàëû è ðÿäû. Òîì 3. ïåöèàëüíûå ôóíêöèè. Äîïîëíèòåëüíûå ãëàâû ñòð. 523

ôîðìóëà 38)

dk

dzk

[
z−b1Gm,n

p,q

(
z

∣∣∣∣∣(ap)(bq)

)]
= (−1)kz−b1−kGm,n

p,q

(
z

∣∣∣∣∣ (ap)

b1 + k, b2, . . . , bq

)
(2.4.17)

È òîãäà ïðè b1 = 0, k = 1

d

dl
G2,0

1,3

(
l

∣∣∣∣∣ 1

0, 0, 0

)
= −1

l
G2,0

1,3

(
l

∣∣∣∣∣ 1

1, 0, 0

)
(2.4.18)

Òîãäà ðåçóëüòàò èíòåãðèðîâàíèÿ áóäåò∫ x

x0

I0(s)/sds = −1

2
G2,0

1,3

(
−1

4
x2

∣∣∣∣∣ 1

0, 0, 0

)
+

1

2
G2,0

1,3

(
−1

4
x2

0

∣∣∣∣∣ 1

0, 0, 0

)
(2.4.19)

Ñëåäîâàòåëüíî (2.4.9) ïðèìåò âèä

B÷àñò = kI0(x)(Ki0(x0)−Ki0(x))−

−kK0(x)(−1

2
G2,0

1,3

(
−1

4
x2

∣∣∣∣∣ 1

0, 0, 0

)
+

1

2
G2,0

1,3

(
−1

4
x2

0

∣∣∣∣∣ 1

0, 0, 0

)
) =

= kI0(x)(Ki0(x0)−
1

4
G3,0

1,3

(
x2/4

∣∣∣∣∣ 1

0, 0, 0

)
)−

−kK0(x)(−1

2
G2,0

1,3

(
−1

4
x2

∣∣∣∣∣ 1

0, 0, 0

)
+

1

2
G2,0

1,3

(
−1

4
x2

0

∣∣∣∣∣ 1

0, 0, 0

)
).

È òîãäà îáùåå ðåøåíèå (2.4.5) áóäåò

B(x) = (α1 + kKi0(x0))I0(x) + (α2 −
k

2
G2,0

1,3

(
−1

4
x2

0

∣∣∣∣∣ 1

0, 0, 0

)
)K0(x)+

+K0(x)
k

2
G2,0

1,3

(
−1

4
x2

∣∣∣∣∣ 1

0, 0, 0

)
− I0(x)

k

4
G3,0

1,3

(
1

4
x2

∣∣∣∣∣ 1

0, 0, 0

)
.

(2.4.20)
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Îáðàòíàÿ çàìåíà ïåðåìåííûõ x = 2
r

√
2γσ2er(T−t) è ïîäñòàíîâêà k =

−(2
r)

22Kγσ2erT .

B(t) = β1I0(
2

r

√
2γσ2er(T−t)) + β2K0(

2

r

√
2γσ2er(T−t))−

−K0(
2

r

√
2γσ2er(T−t))

4γσ2erTK

r2
G2,0

1,3

(
−2γσ2er(T−t)

r2

∣∣∣∣∣ 1

0, 0, 0

)
+

+I0(
2

r

√
2γσ2er(T−t))

2γσ2erTK

r2
G3,0

1,3

(
2γσ2er(T−t)

r2

∣∣∣∣∣ 1

0, 0, 0

)
.

Ââåäåì îáîçíà÷åíèå c = 2
r

√
2γσ2erT è òîãäà îíî ñòàíåò

B(t) = β1I0(ce
−rt/2) + β2K0(ce

−rt/2)−K0(ce
−rt/2)

c2K

2
G2,0

1,3

(
−c2e−rt

∣∣∣∣∣ 1

0, 0, 0

)
+

+I0(ce
−rt/2)

c2K

4
G3,0

1,3

(
c2e−rt

∣∣∣∣∣ 1

0, 0, 0

)
.

(2.4.21)

Âåðíåì îáðàòíî N(t) = B(t) − Kert è òîãäà ïðåäûäóùåå óðàâíåíèå

ïåðåïèøåòñÿ

N(t) = β1I0(ce
−rt/2) + β2K0(ce

−rt/2)−K0(ce
−rt/2)

c2K

2
G2,0

1,3

(
−c2e−rt

∣∣∣∣∣ 1

0, 0, 0

)
+

+I0(ce
−rt/2)

c2K

4
G3,0

1,3

(
c2e−rt

∣∣∣∣∣ 1

0, 0, 0

)
−Kert.

(2.4.22)
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2.5. Ðåøåíèå óðàâíåíèé äëÿ F = θ2
q

Ñíîâà ïåðåïèøåì (2.3.22) ñ ó÷åòîì ðåçóëüòàòîâ (2.3.25)

τ = 0, ξ(t) = N(t) +Kert, α = −(N ′(t) + rKert)er(t−T )

γσ2
+ C(t),

η = D(t) +N(t)q + C(t)S,

Ct(t) = r
(N ′(t) + rKert)er(t−T )

γσ2
,

L(t) = −(N ′(t) + rKert)er(t−T )

γσ2
+ C(t),

N ′′(t)− 2γσ2er(T−t)N(t) = −r2Kert,

rD(t)− µ(N ′(t) + rKert)er(t−T )

γσ2
−Dt(t) = 0.

(2.5.1)

Îáîçíà÷èì ïîëó÷åííîå ðåøåíèå äëÿ (2.3.25) êàê N(t) = β1ϕ1(t) + β2ϕ2(t) +

KΨ(t). Òîãäà èíòåãðèðóåì Ct(t)

C(t) = C̃ +

∫ t

t0

r
(N ′(t) + rKert)er(t−T )

γσ2
ds (2.5.2)

Ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì

C(t) = C̃ +
(N ′(t) + rKert)er(t−T )

γσ2
|tt0 −

∫ t

t0

(N ′′(t) + r2Kert)er(t−T )

γσ2
ds (2.5.3)

Ïðèìåíåíèå óðàâíåíèÿ äëÿ N (2.3.25) äàåò

C(t) = C̃ +
(N ′(t) + rKert)er(t−T )

γσ2
|tt0 −

∫ t

t0

2Nds. (2.5.4)

Ïîäñòàíîâêà â âûðàæåíèå ïðè L(t) èç (2.5.1) äàåò

α = L(t) = C̃ +
(N ′(t) + rKert)er(t−T )

γσ2
|tt0 −

∫ t

t0

2Nds−

−(N ′(t) + rKert)er(t−T )

γσ2
= C̃ +

(N ′(t0) + rKert0)er(t0−T )

γσ2
−
∫ t

t0

2Nds

(2.5.5)

Îáîçíà÷àåì äàëüøå C̄ = C̃ + (N ′(t0)+rKert0)er(t0−T )

γσ2 . Ïðè äîìíîæåíèèè íà ert

óðàâíåíèÿ äëÿ D èç (2.5.1) äàåò

(e−rtD(t))′ = −µ(
N ′(t) + rKert

γσ2
)e−rT . (2.5.6)
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Åãî èíòåãðèðîâàíèå äàñò

D(t) = D0e
rt − µ(

N(t) +Kert

γσ2
)er(t−T ). (2.5.7)

Ïîäñòàíîâêà â íàéäåííûå ôóíêöèè óðàâíåíèÿ N(t) = β1ϕ1(t) + β2ϕ2(t) +

KΨ(t) äàñò

ξ = β1ϕ1(t) + β2ϕ2(t) +KΨ(t) +Kert,

α = C̄ − 2

∫ t

t0

β1ϕ1(s) + β2ϕ2(s) +KΨ(s)ds,

C(t) = C̄ +
(β1ϕ

′
1 + β2ϕ

′
2 +KΨ′ + rKert)er(t−T )

γσ2
− 2

∫ t

t0

(β1ϕ1 + β2ϕ2 +KΨ)ds,

D(t) = D0e
rt − µ(

β1ϕ1(t) + β2ϕ2(t) +KΨ(t) +Kert

γσ2
)er(t−T ).

È ñëåäîâàòåëüíî

η = D0e
rt + (β1ϕ1(t) + β2ϕ2(t) +KΨ(t))q+

+S(C̄ +
(β1ϕ

′
1 + β2ϕ

′
2 +KΨ′ + rKert)er(t−T )

γσ2
−

−2

∫ t

t0

(β1ϕ1 + β2ϕ2 +KΨ)ds)− µ(
β1ϕ1(t) + β2ϕ2(t) +KΨ(t) +Kert

γσ2
)er(t−T )

(2.5.8)

Îòñþäà ïîëó÷åíû îïåðòîðû

X1 = ert∂θ, (2.5.9)

X2 = ϕ1(t)∂S − 2

∫ t

t0

ϕ1(t)dt∂q+

+

(
−
(
µϕ1(t)e

r(t−T )

γσ2

)
+ ϕ1(t)q + S

(
ϕ′1e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ1ds

))
∂θ,

(2.5.10)

X3 = ϕ2(t)∂S − 2

∫ t

t0

ϕ2(t)dt∂q+

+

(
−
(
µϕ2(t)e

r(t−T )

γσ2

)
+ ϕ2(t)q + S

(
ϕ′2e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ2ds

))
∂θ,

(2.5.11)
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X4 = (Ψ(t) + ert)∂S − 2

∫ t

t0

Ψ(t)dt∂q+

+

(
−
(
µ(Ψ(t) + ert)er(t−T )

γσ2

)
+ Ψ(t)q + S

(
(Ψ′ + rert)er(t−T )

γσ2
− 2

∫ t

t0

Ψds

))
∂θ,

(2.5.12)

X5 = ∂q + S∂θ. (2.5.13)

Òîãäà ïîëó÷åííîå äëÿ F ′′ 6= 0 àêóìóëèðóåòñÿ â ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 2.5.1. Áàçèñ îñíîâíîé àëãåáðû Ëè äëÿ óðàâíåíèÿ θt = rθ + (µ −
rS)q − µθS − σ2θSS/2 − γσ2er(T−t)(θS − q)2/2 + F (θq), ãäå F -ïðîèçâîëüíàÿ

íåëèíåéíàÿ ôóíêöèÿ, íå ýêâèâàëåíòíàÿ eνθq è θ2
q , îáðàçóþò îïåðàòîðû

X1 = ert∂θ, X2 = ∂q + S∂θ.

Òåîðåìà 2.5.2. Áàçèñ îñíîâíîé àëãåáðû Ëè äëÿ óðàâíåíèÿ θt = rθ + (µ −
rS)q − µθS − σ2θSS/2− γσ2er(T−t)(θS − q)2/2 + eνθq îáðàçóþò îïåðàòîðû

X1 = ert∂θ, X2 = ∂q + S∂θ, X3 = ν∂t + r∂S + rνq∂q + (rνθ + rq)∂θ.

Òåîðåìà 2.5.3. Áàçèñ îñíîâíîé àëãåáðû Ëè äëÿ óðàâíåíèÿ θt = rθ + (µ −
rS)q − µθS − σ2θSS/2− γσ2er(T−t)(θS − q)2/2 + θ2

q îáðàçóþò îïåðàòîðû

X1 = ert∂θ, X5 = ∂q + S∂θ,

X2 = ϕ1(t)∂S − 2

∫ t

t0

ϕ1(t)dt∂q+

+

(
−
(
µϕ1(t)e

r(t−T )

γσ2

)
+ ϕ1(t)q + S

(
ϕ′1e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ1ds

))
∂θ,

X3 = ϕ2(t)∂S − 2

∫ t

t0

ϕ2(t)dt∂q+

+

(
−
(
µϕ2(t)e

r(t−T )

γσ2

)
+ ϕ2(t)q + S

(
ϕ′2e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ2ds

))
∂θ,

X4 = (Ψ(t) + ert)∂S − 2

∫ t

t0

Ψ(t)dt∂q+

+

(
−
(
µ(Ψ(t) + ert)er(t−T )

γσ2

)
+ Ψ(t)q + S

(
(Ψ′ + rert)er(t−T )

γσ2
− 2

∫ t

t0

Ψds

))
∂θ.



51

ãäå ϕ1(t) = I0(
2
r

√
2γσ2erTe−rt/2) ϕ2(t) = K0(

2
r

√
2γσ2erTe−rt/2) ÔÑÐ óðàâ-

íåíèÿ N ′′ − 2γσ2er(T−t)N = 0, à Ψ(t) ÷àñòíîå ðåøåíèå óðàâíåíèÿ N ′′ −
2γσ2er(T−t)N = −r2ert è ïðåäñòàâëÿåò ñîáîé çàìåíó îò ìîäèôèöèðîâàííîé

ôóíêöèè Ëîììåëÿ. Åå âûðàæåíèå ÷åðåç ôóíêöèè Ìåéåðà èìååò âèä

−K0(ce
−rt/2)

c2

2
G2,0

1,3

(
−c2e−rt

∣∣∣∣∣ 1

0, 0, 0

)
+ I0(ce

−rt/2)
c2

4
G3,0

1,3

(
c2e−rt

∣∣∣∣∣ 1

0, 0, 0

)
− ert,

ãäå c = 2
r

√
2γσ2erT .

2.6. Îïòèìàëüíàÿ ñèñòåìà ïîäàëãåáð äëÿ F = eνθq

Ðàññìîòðèì àëãåáðó Ëè L3 ñ áàçèñîì

X1 = ert∂θ, X2 = ∂q + S∂θ, X3 = ν∂t + r∂S + rνq∂q + (rνθ + rq)∂θ.

(2.6.1)

Çàïèøåì åå òàáëèöó êîììóòàòîðîâ. Íåíóëåâû-
X1 X2 X3

X1 0 0 0

X2 0 0 rνX2

X3 0 −rνX2 0

ìè ñòðóêòóðíûìè êîíñòàíòàìè ÿâëÿþòñÿ c2
23 = rν,

c2
32 = −rν. Ïîëó÷èì äâà âíóòðåííèõ àâòîìîðôèç-

ìà E1 : ē2 = e2 + a1e3 è E2 : ē2 = ea2e2. Êðî-

ìå òîãî, íàì ïîíàäîáèòñÿ ¾çåðêàëüíîå¿ îòîáðàæå-

íèå E3 : ê1 = −e1, êîòîðîå òàêæå ÿâëÿåòñÿ âíóòðåííèì àâòîîìîðôèçìîì,

ïîñêîëüêó ïðè åãî äåéñòâèè òàáëèöà êîììóòàòîðîâ äàííîé àëãåáðû Ëè L3 íå

èçìåíèòñÿ. Íàéäåì îïòèìàëüíóþ ñèñòåìó îäíîìåðíûõ ïîäàëãåáð.

1. Åñëè e3 6= 0, òî ñ ïîìîùüþ E1 ïîëó÷èì e2 = 0 è òîãäà ïîñëå äåëåíèÿ

íà e3 è çàìåíû çíàêà ó e1 ñ ïîìîùüþ E3 ïîëó÷åííàÿ òðîéêà (e1, e2, e3) =

(b, 0, 1) ñîîòâåòñòâóåò îïåðàòîðó bX1 +X3, b ≤ 0.

2. Åñëè e3 = 0, à e1 6= 0, e2 6= 0, òî ñ ïîìîùüþ E3 ñäåëàåì êîýôôèöèåíòû

e1 è e2 îäíîãî çíàêà, çàòåì ñ ïîìîùüþ E2 âûðîâíÿåì èõ ïî äëèíå è ïîäåëèì

íà ýòó äëèíó. Ïîëó÷èì (−1, 1, 0) èëè −X1+X2. Çäåñü æå îñòàëèñü åùå ñëó÷àè

X1 è X2.
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Ëåììà 2.6.1. Îïòèìàëüíîé ñèñòåìîé îäíîìåðíûõ ïîäàëãåáð àëãåáðû Ëè

L3 ÿâëÿåòñÿ Θ1 = {〈X1〉, 〈X2〉, 〈−X1 +X2〉, 〈bX1 +X3〉, b ≤ 0}.

Íàéäåì îïòèìàëüíóþ ñèñòåìó äâóìåðíûõ ïîäàëãåáð.

1. Äëÿ áàçèñíîãî âåêòîðà X1 îäíîìåðíîé ïîäàëãåáðû 〈X1〉 âòîðîé áà-

çèñíûé âåêòîð áóäåì èñêàòü â âèäå c2X2 + c3X3, òîãäà [X1, c2X2 + c3X3] = 0.

Ïîëó÷èëè ïîäàëãåáðó 〈X1, c2X2 + c3X3〉 ïðè ëþáûõ c2, c3 ∈ R. Èñïîëüçóÿ E3

ïîëó÷èì â èòîãå ïîäàëãåáðû 〈X1, X2〉, 〈X1, X3〉.
2. Èìååì [X2, c1X1+c3X3] = rνX2, ïîýòîìó ïîëó÷åíà ïîäàëãåáðà 〈X2, c1X1+

c3X3〉 ïðè ëþáûõ c1, c3 ∈ R. Ðàññìîòðåâ ñëó÷àè c3 = 0 è c3 6= 0, ïîëó÷èì ïî-

äàëãåáðû 〈X2, X1〉 (ïîëó÷åíà ðàíåå), 〈X2, bX1 +X3〉, b ≤ 0.

3. Ñ÷èòàåì êîììóòàòîð: [−X1 +X2, c2X2 + c3X3] = c3rνX2 = α1(−X1 +

X2)+α2(c2X2 +c3X3). Îòñþäà α1 = 0, α2c3 = 0. Ïðè c3 = 0 ïîëó÷èì ÷àñòíûé

ñëó÷àé äëÿ âòîðîãî íàáîðà ïîäàëãåáð. Ïîýòîìó α2 = 0, íî òîãäà âñå ðàâíî

c3 = 0. Íîâûõ ïîäàëãåáð çäåñü íå ïîëó÷åíî.

4. Èìååì [bX1 +X3, c1X1 +c2X2] = −c2rνX2 = α1(bX1 +X3)+α2(c1X1 +

c2X2). Êîíñòàíòà c2 6= 0, èíà÷å ïîëó÷èì ÷àñòíûé ñëó÷àé ïåðâîãî íàáîðà ïî-

äàëãåáð. Èìååì α1 = 0, ïîýòîìó α2 6= 0, èíà÷å c2 = 0. Ïîýòîìó c1 = 0 è

ïîëó÷åí ÷àñòíûé ñëó÷àé âòîðîãî íàáîðà ïîäàëãåáð.

Ëåììà 2.6.2. Îïòèìàëüíîé ñèñòåìîé äâóìåðíûõ ïîäàëãåáð àëãåáðû Ëè L3

ÿâëÿåòñÿ Θ2 = {〈X1, X2〉, 〈X1, X3〉, 〈X2, bX1 +X3〉, b ≤ 0}.

Ââèäó ïðèñóòñòâèÿ îïåðàòîðà X1 â 〈X1, X2〉, 〈X1, X3〉 ó íèõ îòñóòñòâóåò
èíâàðèàíòíîå ðåøåíèå.

Ðàññìîòðèì ïîäàëãåáðó 〈X2, bX1 +X3〉. Äëÿ X2 èíâàðèàíòàìè ÿâëÿþò-

ñÿ ôóíêöèè Φ(t, S, θ − Sq), îáîçíà÷èì z = θ − Sq è ïîäåéñòâóåì íà òàêóþ

ôóíêöèþ îïåðàòîðîì bX1 +X3:

νΦt + rΦS + (bert + rνz)Φz = 0.

Îòñþäà íàõîäèì èíâàðèàíòû âñåé äâóìåðíîé ïîäàëãåáðû J1 = rt− νS,
J2 = e−rtz − bt/ν. Ïîýòîìó èíâàðèàíòíîå ðåøåíèå óðàâíåíèÿ áóäåì èñêàòü â
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âèäå

θ = Sq +
b

ν
tert + ertΦ(rt− νS). (2.6.2)

Òîãäà

θt =
b

ν
ert +

br

ν
tert + rertΦ + rertΦ′, θq = S, θS = q− νertΦ′, θSS = ν2ertΦ′′

Ïîäñòàíîâêà äàåò

b

ν
ert +

br

ν
tert + rertΦ + rertΦ′ = r(Sq +

b

ν
tert + ertΦ) + (µ− rS)q−

−µ(q − νertΦ′)− 1

2
σ2ν2ertΦ′′ − 1

2
γσ2er(T−t)(q − νertΦ′ − q)2 + eνS.

(2.6.3)

Ñîêðàùàåì

b

ν
ert + rertΦ′ = µνertΦ′ − 1

2
σ2ν2ertΦ′′ − 1

2
γν2σ2er(T+t)Φ′2 + eνS.

è ïðè äåëåíèè íà −1
2e
rt è ñ v = rt− νS óðàâíåíèå ïðèíèìàåò âèä

σ2ν2Φ′′ + 2(r − µν)Φ′ + γσ2ν2erTΦ′2 − 2e−v + 2
b

ν
= 0, (2.6.4)

ãäå Φ = Φ(v).

Äåëàåì çàìåíó

Φ′ =
y′

γerTy
+

µν − r
σ2ν2γerT

, y 6= 0,

Φ′′ =
y′′

γerTy
− (y′)2

γerTy2
.

Òîãäà (2.6.4) ïðèíèìàåò âèä

σ2ν2(
y′′

γerTy
− (y′)2

γerTy2
) + 2(r − µν)(

y′

γerTy
+

µν − r
σ2ν2γerT

)+

+γσ2ν2erT (
y′

γerTy
+

µν − r
σ2ν2γerT

)2 − 2e−v + 2
b

ν
= 0,

Ðàñêðûâàåì è ïîëó÷àåì

σ2ν2y′′

γerTy
− σ2ν2(y′)2

γerTy2
+

2(r − µν)y′

γerTy
− 2(µν − r)2

σ2ν2γerT
+
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+
σ2ν2(y′)2

γerTy2
+

2(µν − r)y′

γerTy
+

(µν − r)2

σ2ν2γerT
− 2e−v + 2

b

ν
= 0,

Ñîêðàùàåì

σ2ν2y′′

γerTy
− 2e−v + 2

b

ν
− (µν − r)2

σ2ν2γerT
= 0,

Äîìíîæàåì íà γerTy/(σ2ν2)

y′′ − (e−v
2γerT

σ2ν2
− 2

bγerT

σ2ν3
+

(µν − r)2

σ4ν4
)y = 0,

Ïðîâîäèì çàìåíó

u = 2e−v/2
√

2γerT

σν
, u > 0 (2.6.5)

Ïðîèçâîäíûå ðàâíû

yv = −e−v/2
√

2γerT

σν
yu,

yvv = e−v/2
√

2γerT

σν
yu/2 + e−v

2γerT

σ2ν2
yuu = uyu/4 + u2yuu/4.

Òîãäà

uyu/4 + u2yuu/4− (u2/4− 2
bγerT

σ2ν3
+

(µν − r)2

σ4ν4
)y = 0,

Äîìíîæåíèå äàåò

u2yuu + uyu − (u2 − 8bγerT

σ2ν3
+

4(µν − r)2

σ4ν4
)y = 0,

Îíî ÿâëÿåòñÿ ìîäèôèöèðîâàííûì óðàâíåíèåì Áåññåëÿ ïîðÿäêà p, ãäå

p =

√
−8bγerT

σ2ν3
+

4(µν − r)2

σ4ν4
. (2.6.6)

Åãî ôóíäàìåíòîëüíîé ñèñòåìîé ðåøåíèé ÿâëÿþòñÿ ìîäèôèöèðîâàííûå ôóíê-

öèè Áåññåëÿ ïåðâîãî Ip(u) è âòîðîãî ðîäàKp(u). Ñëåäîâàòåëüíî ðåøåíèå èìå-

åò âèä

y = β1Ip(u) + β2Kp(u). (2.6.7)
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Îáðàòíàÿ çàìåíà

Φ = ln |y|+ (µν − r)v
σ2ν2γerT

+ c,

u = 2e−v/2
√

2γerT .

äàåò ïðè m = 2

√
2γerT

σν

Φ = ln |β1Ip(me
−v/2) + β2Kp(me

−v/2)|+ (µν − r)v
σ2ν2γerT

+ c. (2.6.8)

Ðàññìîòðèì ïîäàëãåáðó 〈X1〉 ñ îïåðàòîðîì (2.6.1) X1 = ert∂θ.

Åãî èíâàðèàíòû t, S, q.

Òàê êàê èíâààðèàíòû íå çàâèñÿò îò θ, òî èíâàðèàíòíûõ ðåøåíèé íåò.

Ðàññìîòðèì ïîäàëãåáðó 〈X2〉 ñ îïåðàòîðîì (2.6.1) X2 = ∂q + S∂θ. Åå

èíâàðèàíòû θ − Sq, t, S. Èùåì ðåøåíèå â âèäå

θ = Sq + ertφ(t, S). (2.6.9)

Åãî ïðîèçâîäíûå ïðèìóò âèä

θS = q + ertφS,

θSS = ertφSS,

θq = S,

θt = ertφt + rertφ.

Èõ ïîäñòàíîâêà äàñò

ertφt + rertφ = r(Sq + ertφ) + (µ− rS)q−

−µ(q + ertφS)− 1

2
σ2ertφSS −

1

2
γσ2er(T−t)(ertφS)2 + eνS.

Ïîñëå ñîêðàùåíèÿ ïîëó÷èòñÿ

ertφt = −µertφS −
1

2
σ2ertφSS −

1

2
γσ2er(T−t)(ertφS)2 + eνS.

Äåëåíèå íà ert äàñò

φt = −µφS −
1

2
σ2φSS −

1

2
γσ2erT (φS)2 + eνS−rt.
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Äåëàåì çàìåíó u = t, z = νS − rt. Åå ïðîèçâîäíûå ðàâíû

φt = φu − rφz, (2.6.10)

φS = νφz, φSS = ν2φ2
z. (2.6.11)

Ïîäñòàíîâêà äàñò

φu = (r − µν)φz −
1

2
σ2ν2φzz −

1

2
γσ2ν2erT (φz)

2 + ez. (2.6.12)

Äåëàåì çàìåíó

φ = ψ +
r − µν
γσ2ν2erT

z +
(r − µν)2

2γσ2ν2erT
u, (2.6.13)

φu = ψu +
(r − µν)2

2γσ2ν2erT
, (2.6.14)

φz = ψz +
r − µν
γσ2ν2erT

, (2.6.15)

φzz = ψzz. (2.6.16)

Äàëåå ïîäñòàâëÿåì è ðàñêðûâàåì

ψu +
(r − µν)2

2γσ2ν2erT
= (r − µν)(ψz +

r − µν
γσ2ν2erT

)− 1

2
σ2ν2ψzz−

−1

2
γσ2ν2erT (ψz +

r − µν
γσ2ν2erT

)2 + ez,

ψu +
(r − µν)2

2γσ2ν2erT
= (r − µν)ψz +

(r − µν)2

γσ2ν2erT
− 1

2
σ2ν2ψzz−

−1

2
γσ2ν2erT (ψ2

z + 2
r − µν
γσ2ν2erT

ψz +
(r − µν)2

(γσ2ν2erT )2
) + ez,

(2.6.17)

ψu +
(r − µν)2

2γσ2ν2erT
= (r − µν)ψz +

(r − µν)2

γσ2ν2erT
− 1

2
σ2ν2ψzz−

−1

2
γσ2ν2erTψ2

z − (r − µν)ψz −
(r − µν)2

2γσ2ν2erT
+ ez.

(2.6.18)

Ñîêðàùåíèå äàñò

ψu = −1

2
σ2ν2ψzz −

1

2
γσ2ν2erTψ2

z + ez. (2.6.19)
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Â êà÷åñòâå åå ÷àñòíîãî ðåøåíèÿ ìîæíî âçÿòü ëîãàðèôì îò áåññåëåâñêîé ôóíê-

öèè. Ñëåäîâàòåëüíî îáúåäèíÿÿ çàìåíû (2.6.13), (2.6.9), (2.6.10) ïîëó÷àåì

θ = Sq + ert(ψ(t, νS − rt) +
r − µν
γσ2ν2erT

(νS − rt) +
(r − µν)2

2γσ2ν2erT
t), (2.6.20)

ãäå ψ(u, z) - ðåøåíèå

ψu = −1

2
σ2ν2ψzz −

1

2
γσ2ν2erTψ2

z + ez. (2.6.21)

Ðàññìîòðèì ïîäàëãåáðó 〈−X1 +X2〉 ñ îïåðàòîðîì −X1 +X2 = ∂q+(S−
ert)∂θ. Åãî ãëàâíûå èíâàðèàíòû t, S, θ − (S − ert)q. Èùåì ðåøåíèå â âèäå

θ − (S − ert)q = ertφ(t, S). (2.6.22)

Åãî ïðîèçâîäíûå ïðèìóò âèä

θS = q + ertφS,

θSS = ertφSS,

θq = S − ert,

θt = −rertq + ertφt + rertφ.

Èõ ïîäñòàíîâêà äàñò

−rertq + ertφt + rertφ = r((S − ert)q + ertφ(t, S)) + (µ− rS)q−

−µ(q + ertφS)− 1

2
σ2ertφSS −

1

2
γσ2er(T−t)(ertφS)2 + eν(S−ert).

Ïîñëå ñîêðàùåíèÿ ïîëó÷àåòñÿ

ertφt = −µertφS −
1

2
σ2ertφSS −

1

2
γσ2er(T+t)(φS)2 + eν(S−ert).

Ïîñëå äåëåíèÿ íà ert ïîëó÷àåòñÿ ñëåäóþùàÿ ïîäìîäåëü

φt = −µφS −
1

2
σ2φSS −

1

2
γσ2erT (φS)2 + eν(S−ert)−rt. (2.6.23)

Ðàññìîòðèì ïîäàëãåáðó 〈bX1 +X3〉 ñ îïåðàòîðîì
bX1 +X3 = ν∂t + r∂S + rνq∂q + (rνθ + rq + bert)∂θ.
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Åãî èíâàðèíòû èìåþò âèä Φ(νS − rt, qe−rt, (νθ − btert)/q − νS). Èùåì

ðåøåíèå â âèäå

ν
θ

q
− btert

q
− νS + bert/(rq) = νφ(νS − rt, qe−rt)/(qe−rt). (2.6.24)

È ñëåäîâàòåëüíî θ = btert

ν + Sq + ertφ(u, v), ãäå u = νS − rt, v = qe−rt. Îíî

ñõîæå ñ (2.6.2) ïðè φv = 0 è ÷àñòíîå ðåøåíèå ìîæíî ïîëó÷èòü îòòóäà. Åãî

ïðîèçâîäíûå èìåþò âèä

θt =
bert

ν
+
rbtert

ν
+ rertφ− rertφu − rqφv, (2.6.25)

θS = q + νertφu, θSS = ν2ertφuu, θq = S + φv. (2.6.26)

Èõ ïîäñòàíîâêà äàñò

bert

ν
+
rbtert

ν
+ rertφ− rertφu − rqφv = r

btert

ν
+ rSq + rertφ+

+(µ− rS)q − µ(q + νertφu)−
1

2
σ2ν2ertφuu −

1

2
γσ2er(T+t)ν2φ2

u + eν(S+φv).

(2.6.27)

Ñîêðàùåíèå è äåëåíèå íà e−rt äàñò

b

ν
− rφu − rqe−rtφv = −µνφu −

1

2
σ2ν2φuu −

1

2
γσ2erTν2φ2

u + eν(S+φv)−rt.

(2.6.28)

Îáîçíà÷èì u = νS − rt, v = qe−rt è ïîëó÷àåì

b

ν
− rvφv = (r − µν)φu −

1

2
σ2ν2φuu −

1

2
γσ2erTν2φ2

u + eu+νφv . (2.6.29)

2.7. Îïòèìàëüíàÿ ñèñòåìà ïîäàëãåáð äëÿ F = θ2
q

Ðàññìîòðèì àëãåáðó Ëè L5 ñ áàçèñîì

X1 = ert∂θ, X5 = ∂q + S∂θ, (2.7.1)

X2 = ϕ1(t)∂S − 2

∫ t

t0

ϕ1(s)ds∂q+

+

(
−
(
µϕ1(t)e

r(t−T )

γσ2

)
+ ϕ1(t)q + S

(
ϕ′1e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ1ds

))
∂θ,

(2.7.2)
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X3 = ϕ2(t)∂S − 2

∫ t

t0

ϕ2(s)ds∂q+

+

(
−
(
µϕ2(t)e

r(t−T )

γσ2

)
+ ϕ2(t)q + S

(
ϕ′2e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ2ds

))
∂θ,

(2.7.3)

X4 = (Ψ(t) + ert)∂S − 2

∫ t

t0

Ψ(s)ds∂q+

+

(
−
(
µ(Ψ(t) + ert)er(t−T )

γσ2

)
+ Ψ(t)q + S

(
(Ψ′ + rert)er(t−T )

γσ2
− 2

∫ t

t0

Ψds

))
∂θ.

(2.7.4)

Íà÷èíàåì âû÷èñëåíèå òàáëèöû êîììóòàòîðîâ. Êîììóòàòîðû

[X1, X2] = 0, [X1, X3] = 0, [X1, X4] = 0, [X1, X5] = 0, (2.7.5)

ðàâíû íóëþ, òàê êàê îïåðàòîðû íå ñîäåðæàò ïåðåìåííîé θ è â íèõ íåò äèô-

ôåðåíöèðîâàíèÿ ïî t. Äëÿ êîììóòàòîðîâ ñ X5 âû÷èñëåíèÿ

[X2, X5] = ϕ1∂θ − ϕ1∂θ = 0, [X3, X5] = ϕ2∂θ − ϕ2∂θ = 0, (2.7.6)

[X4, X5] = (Ψ + ert)∂θ −Ψ∂θ = X1. (2.7.7)

Äàëåå âû÷èñëÿåì êîììóòàòîðû áåç ïîäñòàâíîâêè çíà÷åíèé ôóíêöèé ϕ1, ϕ2,

Ψ. Èõ ïîäñòàâèì â äàëüíåéøåì.

[X2, X3] = ϕ1

(
ϕ′2e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ2ds

)
∂θ − 2

∫ t

t0

ϕ1(t)dtϕ2∂θ−

−ϕ2

(
ϕ′1e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ1ds

)
∂θ + 2

∫ t

t0

ϕ2(t)dtϕ1∂θ =

=
er(t−T )

γσ2
(ϕ1ϕ

′
2 − ϕ2ϕ

′
1)∂θ,

[X2, X4] = ϕ1

(
(Ψ′ + rert)er(t−T )

γσ2
− 2

∫ t

t0

Ψds

)
∂θ − 2

∫ t

t0

ϕ1dsΨ∂θ−

−(Ψ(t) + ert)

(
ϕ′1e

r(t−T )

γσ2
− 2

∫ t

t0

ϕ1ds

)
∂θ + 2

∫ t

t0

Ψdsϕ1∂θ =

=
er(t−T )

γσ2
(ϕ1(Ψ

′ + rert)− (Ψ(t) + ert)ϕ′1)∂θ + 2ert
∫ t

t0

ϕ1ds∂θ,
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[X3, X4] =
er(t−T )

γσ2
(ϕ2(Ψ

′ + rert)− (Ψ(t) + ert)ϕ′2)∂θ + 2ert
∫ t

t0

ϕ2ds∂θ.

Òàêæå âñïîìèíàåì (2.4.9), (2.4.22), ÷òî N(t) = B(t) +Kert,

ϕ1(t) = I0(ce
−rt/2), ϕ2(t) = K0(ce

−rt/2), Ψ = B(t)− ert =

= −(
2

r
)22γσ2erT (I0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0(u)/udu−K0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
I0(u)/udu)− ert,

ãäå c = 2
r

√
2γσ2erT . Îïðåäåëèòåëü Âðîíñêîãî äëÿ ìîäèôèöèðîââàííûõ Áåñ-

ñåëåâûõ ôóíêöèé

W (x) =

∣∣∣∣∣I0(x) K0(x)

I ′0(x) K ′0(x)

∣∣∣∣∣ = −1

x
. (2.7.8)

Òîãäà

[X2, X3] =
er(t−T )

γσ2
(ϕ1ϕ

′
2 − ϕ2ϕ

′
1)∂θ = −cr

2
e−rt/2(I0(ce

−rt/2)K ′0(ce
−rt/2)−

(2.7.9)

−I ′0(ce−rt/2)K0(ce
−rt/2))

er(t−T )

γσ2
∂θ (2.7.10)

÷òî â òî÷íîñòè îáðàçóåò îïðåäåëèòåëü Âðîíñêîãî è ñëåäîâàòåëüíî

[X2, X3] =
rer(t−T )

2γσ2
∂θ =

re−rT

2γσ2
X1 (2.7.11)

Äàëåå ñ÷èòàåì ïðîèçâîäíóþ Ψ

Ψ′ =
2

r
2γσ2erT ce−rt/2(I ′0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−K ′0(ce−rt/2)

∫ ce−rt/2

ce−rt0/2
I0/udu)−

−rert.

Ïîäñòàëÿåì â âûðàæåíèå äëÿ [X3, X4]

[X3, X4] =
er(t−T )

γσ2
(K0(ce

−rt/2)(
2

r
2γσ2erT ce−rt/2(I ′0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K ′0(ce−rt/2)
∫ ce−rt/2

ce−rt0/2
I0/udu))−
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−r
2
ce−rt/2(−(

2

r
)22γσ2erT (I0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K0(ce
−rt/2)

∫ ce−rt/2

ce−rt0/2
I0/udu))K ′0(ce

−rt/2))∂θ + 2ert
∫ t

t0

ϕ2ds∂θ =

= 2ert(K0(ce
−rt/2)(

2

r
ce−rt/2(I ′0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K ′0(ce−rt/2)
∫ ce−rt/2

ce−rt0/2
I0/udu))+

+
r

2
ce−rt/2(−(

2

r
)2(I0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K0(ce
−rt/2)

∫ ce−rt/2

ce−rt0/2
I0/udu))K ′0(ce

−rt/2))∂θ + 2ert
∫ t

t0

ϕ2ds∂θ

Ñîêðàùåíèå ÷ëåíîâ ñ K0K
′
0 äàñò

[X3, X4] =
2

r
2ertc(e−rt/2K0(ce

−rt/2)I ′0(ce
−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−e−rt/2K ′0(ce−rt/2)I0(ce
−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu)∂θ + 2ert

∫ t

t0

ϕ2ds∂θ

(2.7.12)

Äåëàåì çàìåíó â èíòåãðàëå îò áåññåëåâîé ôóíêöèè∫ ce−rt/2

ce−rt0/2
K0/udu = [u = ce−rs/2] = −r

2

∫ t

t0

K0(ce
−rt/2)

ce−rt/2
ce−rt/2ds =

= −r
2

∫ t

t0

K0(ce
−rt/2)ds = −r

2

∫ t

t0

ϕ2ds

Òîãäà ïîñëå âûíîñà èíòåãðàëà â (2.7.12) ïîëó÷àåì

[X3, X4] = −2ertce−rt/2(K0(ce
−rt/2)I ′0(ce

−rt/2)−K ′0(ce−rt/2)I0(ce
−rt/2))

∫ t

t0

ϕ2ds∂θ+

+2ert
∫ t

t0

ϕ2ds∂θ

Âûðàæåíèå , ââèäó (2.7.8), (K0(ce
−rt/2)I ′0(ce

−rt/2) − K ′0(ce
−rt/2)I0(ce

−rt/2)) =

−W (ce−rt/2) = 1
ce−rt/2

îáðàçóåò îïðåäåëèòåëü Âðîíñêîãî ñ ìèíóñîì è ñëåäîâà-

òåëüíî

[X3, X4] = −2ert
∫ t

t0

ϕ2ds∂θ + 2ert
∫ t

t0

ϕ2ds∂θ = 0. (2.7.13)
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Äàëåå ïîäñòàâëÿåì äëÿ [X2, X4]

[X2, X4] =
er(t−T )

γσ2
(I0(ce

−rt/2)(
2

r
2γσ2erT ce−rt/2(I ′0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K ′0(ce−rt/2)
∫ ce−rt/2

ce−rt0/2
I0/udu))−

−r
2
ce−rt/2(−(

2

r
)22γσ2erT (I0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K0(ce
−rt/2)

∫ ce−rt/2

ce−rt0/2
I0/udu))I ′0(ce

−rt/2))∂θ + 2ert
∫ t

t0

ϕ2ds∂θ =

= 2ert(I0(ce
−rt/2)(

2

r
ce−rt/2(I ′0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K ′0(ce−rt/2)
∫ ce−rt/2

ce−rt0/2
I0/udu))+

+
r

2
ce−rt/2(−(

2

r
)2(I0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
K0/udu−

−K0(ce
−rt/2)

∫ ce−rt/2

ce−rt0/2
I0/udu))I ′0(ce

−rt/2))∂θ + 2ert
∫ t

t0

ϕ1ds∂θ.

Ñîêðàùåíèå ÷ëåíîâ ñ I0I
′
0 äàñò

[X2, X4] = 2ert(I0(ce
−rt/2)(

2

r
ce−rt/2(−K ′0(ce−rt/2)

∫ ce−rt/2

ce−rt0/2
I0/udu))+

+
r

2
ce−rt/2(−(

2

r
)2(−K0(ce

−rt/2)

∫ ce−rt/2

ce−rt0/2
I0/udu))I ′0(ce

−rt/2))∂θ + 2ert
∫ t

t0

ϕ1ds∂θ =

= −2

r
2ert(ce−rt/2

∫ ce−rt/2

ce−rt0/2
I0/udu(I0(ce

−rt/2)K ′0(ce
−rt/2)− I ′0(ce−rt/2)K0(ce

−rt/2)))∂θ+

+2ert
∫ t

t0

ϕ1ds∂θ.

Äåëàåì çàìåíó â èíòåãðàëå îò áåññåëåâîé ôóíêöèè∫ ce−rt/2

ce−rt0/2
I0/udu = [u = ce−rs/2] = −r

2

∫ t

t0

I0(ce
−rt/2)

ce−rt/2
ce−rt/2ds =

= −r
2

∫ t

t0

I0(ce
−rt/2)ds = −r

2

∫ t

t0

ϕ2ds
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Ïîäñòàââëÿåì ðåçóëüòàò è îïðåäåëèòåëü Âðîíñêêîãî äëÿ Áåññåëåâûõ ôóíê-

öèé è ïîëó÷àåì

[X2, X4] = 2ert(ce−rt/2
∫ t

t0

ϕ2ds(I0(ce
−rt/2)K ′0(ce

−rt/2)− I ′0(ce−rt/2)K0(ce
−rt/2)))∂θ+

+2ert
∫ t

t0

ϕ1ds∂θ = −2ert
∫ t

t0

ϕ1ds∂θ + 2ert
∫ t

t0

ϕ1ds∂θ = 0.

Òîãäà òàáëèöà êîììóòàòîðîâ èìååò âèä

Ðåøåíèå óðàâíåíèé Ëè
X1 X2 X3 X4 X5

X1 0 0 0 0 0

X2 0 0 re−rT

2γσ2 X1 0 0

X3 0 −re−rT

2γσ2 X1 0 0 0

X4 0 0 0 0 X1

X5 0 0 0 −X1 0

äàåò âíóòðåííèå àâòîìîðôèç-

ìû E2 : ē1 = e1 + re−rT

2γσ2 e3t2,

E3 : ē1 = e1 − re−rT

2γσ2 e2t3, E4 :

ē1 = e1 + e5t4, E5 : ē1 = e1 −
e4t5. Ïðè e

2
2 + e2

3 + e2
4 + e2

5 6= 0

âñåãäà èìååòñÿ âîçìîæíîñòü çà-

íóëèòü e1.

1.Ïóñòü e4 6= 0, òîãäà ïîëó÷àåì ïðè ïîìîùè E5 ÷òî e1 = 0 è äåëåíèåì

íà e4 ïîëó÷àåì e2 = b, e3 = c, e5 = d è ïîëó÷åíà ïÿòåðêà (0, b, c, 1, d).

2. Åñëè e4 = 0 è e2 6= 0, òî ïðè ïîìîùè E3 è äåëåíèÿ íà e2 ïîëó÷àåì,

÷òî e3 = c, e5 = d è ïîëó÷åíà ïÿòåðêà (0, 1, c, 0, d).

3. Åñëè e4 = 0, e2 = 0 è e3 6= 0, òî ïðè ïîìîùè E2 è äåëåíèÿ íà e3

ïîëó÷àåì, ÷òî e3 = 1, e5 = d è ïîëó÷åíà ïÿòåðêà (0, 0, 1, 0, d).

4. Åñëè e4 = 0, e2 = 0, e3 = 0 è e5 6= 0, òî ïðè ïîìîùè E4 è äåëåíèÿ íà

e5 ïîëó÷àåì, ÷òî e5 = 1 è ïîëó÷åíà ïÿòåðêà (0, 0, 0, 0, 1).

4. Åñëè e4 = 0, e2 = 0, e3 = 0, e5 = 0 è e1 6= 0, òî ïðè ïîìîùè äåëåíèÿ

íà e1 ïîëó÷àåì ïÿòåðêó (1, 0, 0, 0, 0).

Ëåììà 2.7.1. Îïòèìàëüíîé ñèñòåìîé îäíîìåðíûõ ïîäàëãåáð àëãåáðû L5

ÿâëÿåòñÿ Θ3 = {〈X4+bX2+cX3+dX5〉, 〈X2+bX3+dX5〉, 〈X3+dX5〉, 〈X5〉, 〈X1〉, b, c, d ∈
R} .
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Íî â äàííîì ñëó÷àå, ââèäó òîãî, ÷òî âèä ãðóïï íå óïðîñòèëñÿ ïîñëå

ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàíåíèÿ íà N N ′′ − 2γσ2er(T−t)N = −r2Kert

è òîãî, ÷òî îïòèìàëüíàÿ ñèñòåìà ïîäàëãåáð íå ñèëüíî óïðîñòèëàñü, êðîìå

íåñêîëüêèõ ïîäàëãåáð, òî öåëåñîîáðàçíî ðàññìàòðèâàòü ãðóïïó â êîòîðîé

N = β1ϕ1 + β2ϕ2 + KΨ êàê è áûëî èçíà÷àëüíî è ïîòîì ïîäñòàâèòü ñîîò-

âåòñòâóþùèå çíà÷åíèÿ C, β1, β2, K.

(N(t) +Kert)∂S + (C̄ − 2

∫ t

t0

N(s)ds)∂q+

+(N(t)q + S(C̄ +
(N ′(t) + rKert)er(t−T )

γσ2
− 2

∫ t

t0

N(s)ds)− µ(
N(t) +Kert

γσ2
)er(t−T ))∂θ

Åãî íåçàâèñèìûå èíâàðèàíòû ìîæíî âûáðàòü òàê ïðè N 6= 0

t, (−C̄ + 2

∫ t

t0

N(s)ds)S + (N(t) +Kert)q,

θ − Sq − S2(N ′ + rKert)er(t−T )

2(N +Kert)γσ2
+
µSer(t−T )

γσ2
+

q2Kert

2(C̄ − 2
∫ t
t0
Nds)

.

Ñëåäîâàòåëüíî èùåì èíâàðèàíòíîå ðåøåíèå â âèäå

θ = Sq +
S2(N ′ + rKert)er(t−T )

2(N +Kert)γσ2
− µSer(t−T )

γσ2
− q2Kert

2(C̄ − 2
∫ t
t0
Nds)

+ Φ(t, z).

(2.7.14)

ãäå z = (−C̄ + 2
∫ t
t0
N(s)ds)S + (N(t) +Kert)q. Ïðîèçâîäíûå ðàâíû

θt =
S2(N ′′ + r2Kert)er(t−T )

2(N +Kert)γσ2
+ r

S2(N ′ + rKert)er(t−T )

2(N +Kert)γσ2
−

−S
2(N ′ + rKert)2er(t−T )

2(N +Kert)2γσ2
− rµSe

r(t−T )

γσ2
− r q2Kert

2(C̄ − 2
∫ t
t0
Nds)

−

− q2KertN

(C̄ − 2
∫ t
t0
Nds)2

+ Φt + Φz(2NS + (N ′ + rKert)q),

(2.7.15)

θS = q +
S(N ′ + rKert)er(t−T )

(N +Kert)γσ2
− µer(t−T )

γσ2
+ Φz(−C̄ + 2

∫ t

t0

Nds), (2.7.16)

θSS =
(N ′ + rKert)er(t−T )

(N +Kert)γσ2
+ Φzz(−C̄ + 2

∫ t

t0

Nds)2, (2.7.17)
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θq = S − qKert

(C̄ − 2
∫ t
t0
Nds)

+ Φz(N +Kert). (2.7.18)

Òàê êàê N ðåøåíèå N ′′(t) − 2γσ2er(T−t)N = −r2Kert. Òî ïðîèçâîäíàÿ ïî t

ïðèìåò âèä

θt =
S2N

(N +Kert)
+ r

S2(N ′ + rKert)er(t−T )

2(N +Kert)γσ2
− S2(N ′ + rKert)2er(t−T )

2(N +Kert)2γσ2
−

−rµSe
r(t−T )

γσ2
− r q2Kert

2(C̄ − 2
∫ t
t0
Nds)

− q2KertN

(C̄ − 2
∫ t
t0
Nds)2

+

+Φt + Φz(2NS + (N ′ + rKert)q),

(2.7.19)

Èõ ïîäñòàíîâêà â óðàâíåíèå äàñò

S2N

(N +Kert)
+ r

S2(N ′ + rKert)er(t−T )

2(N +Kert)γσ2
− S2(N ′ + rKert)2er(t−T )

2(N +Kert)2γσ2
−

−rµSe
r(t−T )

γσ2
− r q2Kert

2(C̄ − 2
∫ t
t0
Nds)

− q2KertN

(C̄ − 2
∫ t
t0
Nds)2

+

+Φt + Φz(2NS + (N ′ + rKert)q) = rSq + r
S2(N ′ + rKert)er(t−T )

2(N +Kert)γσ2
−

−rµSe
r(t−T )

γσ2
− r q2Kert

2(C̄ − 2
∫ t
t0
Nds)

+ rΦ + (µ− rS)q−

−µ(q +
S(N ′ + rKert)er(t−T )

(N +Kert)γσ2
− µer(T−t)

γσ2
+ Φz(−C̄ + 2

∫ t

t0

Nds))−

−1

2
σ2(

(N ′ + rKert)er(t−T )

(N +Kert)γσ2
+ Φzz(−C̄ + 2

∫ t

t0

Nds)2)−

−1

2
γσ2er(T−t)(

S(N ′ + rKert)er(t−T )

(N +Kert)γσ2
− µer(t−T )

γσ2
+ Φz(−C̄ + 2

∫ t

t0

Nds))2+

+(S − qKert

(C̄ − 2
∫ t
t0
Nds)

+ Φz(N +Kert))2.

Ñîêðàùàåì òî, ÷òî ñâÿçàíî ñ äèôôåðåíöèðîâàíèåì ýêñïîíåíòû è ñäâèãîì

ôóíêöèè θ íà Sq

S2N

(N +Kert)
− S2(N ′ + rKert)2er(t−T )

2(N +Kert)2γσ2
− q2KertN

(C̄ − 2
∫ t
t0
Nds)2

+
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+Φt + Φz(2NS + (N ′ + rKert)q) = rΦ−

−µ(
S(N ′ + rKert)er(t−T )

(N +Kert)γσ2
− µer(t−T )

γσ2
+ Φz(−C̄ + 2

∫ t

t0

Nds))−

−1

2
σ2(

(N ′ + rKert)er(t−T )

(N +Kert)γσ2
+ Φzz(−C̄ + 2

∫ t

t0

Nds)2)−

−1

2
γσ2er(T−t)(

S(N ′ + rKert)er(t−T )

(N +Kert)γσ2
− µer(t−T )

γσ2
+ Φz(−C̄ + 2

∫ t

t0

Nds))2+

+(S − qKert

(C̄ − 2
∫ t
t0
Nds)

+ Φz(N +Kert))2.

Ðàñêðûâàåì êâàäðàòû

S2N

(N +Kert)
− S2(N ′ + rKert)2er(t−T )

2(N +Kert)2γσ2
− q2KertN

(C̄ − 2
∫ t
t0
Nds)2

+

+Φt + Φz(2NS + (N ′ + rKert)q) = rΦ−

−µ(
S(N ′ + rKert)er(t−T )

(N +Kert)γσ2
− µer(t−T )

γσ2
+ Φz(−C̄ + 2

∫ t

t0

Nds))−

−1

2
σ2(

(N ′ + rKert)er(t−T )

(N +Kert)γσ2
+ Φzz(−C̄ + 2

∫ t

t0

Nds)2)−

−1

2
γσ2er(T−t)((

S(N ′ + rKert)er(t−T )

(N +Kert)γσ2
)2 + (

µer(t−T )

γσ2
)2 + Φ2

z(−C̄ + 2

∫ t

t0

Nds)2−

−2
µS(N ′ + rKert)e2r(t−T )

(N +Kert)(γσ2)2
+ 2(Φz

S(N ′ + rKert)er(t−T )(−C̄ + 2
∫ t
t0
Nds)

(N +Kert)γσ2
)−

−2(
µer(t−T )

γσ2
Φz(−C̄ + 2

∫ t

t0

Nds))) + S2 + (− qKert

(C̄ − 2
∫ t
t0
Nds)

)2 + Φ2
z(N +Kert)2−

−2S
qKert

(C̄ − 2
∫ t
t0
Nds)

− 2
qKert

(C̄ − 2
∫ t
t0
Nds)

Φz(N +Kert) + 2SΦ(
zN +Kert).

Ïåðåíîñèì ÷ëåíû è äåéñòâóåì íàä ýëåìåíòàìè ïîëó÷åííûìè ïðè ðàñêðûòèè

ïîñëåäíåãî êâàäðàòà çà èñêëþ÷åíèåì ýëåìåíòà ñîäåðæàùåãî Φ2
z è ðàñêêðâàåì

îñòàâøèåñÿ ñêîáêè

− S2Kert

(N +Kert)
− S2(N ′ + rKert)2er(t−T )

2(N +Kert)2γσ2
− q2Kert(N +Kert)

(C̄ − 2
∫ t
t0
Nds)2

+ 2S
qKert

(C̄ − 2
∫ t
t0
Nds)

+
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+Φt + Φz((N
′ + rKert)q − 2

qKert

(C̄ − 2
∫ t
t0
Nds)

(N +Kert) + 2SKert) = rΦ−

−µS(N ′ + rKert)er(t−T )

(N +Kert)γσ2
+
µ2er(t−T )

γσ2
− µΦz(−C̄ + 2

∫ t

t0

Nds)−

−1

2
σ2 (N ′ + rKert)er(t−T )

(N +Kert)γσ2
− 1

2
σ2Φzz(−C̄ + 2

∫ t

t0

Nds)2−

−(
S2(N ′ + rKert)2er(t−T )

2(N +Kert)2γσ2
)− µ2er(t−T )

2γσ2
− 1

2
γσ2er(T−t)Φ2

z(−C̄ + 2

∫ t

t0

Nds)2+

+
µS(N ′ + rKert)er(t−T )

(N +Kert)γσ2
− Φz

S(N ′ + rKert)(−C̄ + 2
∫ t
t0
Nds)

(N +Kert)
+

+µΦz(−C̄ + 2

∫ t

t0

Nds) + Φ2
z(N +Kert)2.

Ñîêðàùàåì îäèíàêîâûå ýëåìåíòû

− S2Kert

(N +Kert)
− q2Kert(N +Kert)

(C̄ − 2
∫ t
t0
Nds)2

+ 2S
qKert

(C̄ − 2
∫ t
t0
Nds)

+

+Φt + Φz((N
′ + rKert)q − 2

qKert

(C̄ − 2
∫ t
t0
Nds)

(N +Kert) + 2SKert) = rΦ +
µ2er(t−T )

2γσ2
−

−1

2
σ2 (N ′ + rKert)er(t−T )

(N +Kert)γσ2
− 1

2
σ2Φzz(−C̄ + 2

∫ t

t0

Nds)2−

−1

2
γσ2er(T−t)Φ2

z(−C̄ + 2

∫ t

t0

Nds)2−

−Φz

S(N ′ + rKert)(−C̄ + 2
∫ t
t0
Nds)

(N +Kert)
+ Φ2

z(N +Kert)2.

Ðàññìîòðèì ïåðâóþ ñòðîêó, åñëè èç íåãî âûíåñòè −Kert è ïðèâåñòè ê îáùåìó
çíàìåíàòåëþ òî ïîëó÷èòñÿ êâàäðàò ðàçíîñòè

− Kert

(N +Kert)(C̄ − 2
∫ t
t0
Nds)2

(S2(C̄ − 2

∫ t

t0

Nds)2 + q2(N +Kert)2−

−2Sq(N +Kert)(C̄ − 2

∫ t

t0

Nds)) = −
Kert(q(N +Kert) + S(−C̄ + 2

∫ t
t0
Nds))2

(N +Kert)(C̄ − 2
∫ t
t0
Nds)2

.
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÷òî â òî÷íîñòè ÿâëÿåòñÿ îäíèì èç íåçàâèñèìûõ èíâàðèàíòîâ, êîòîðûé óæå

îáîçíà÷èëè êàê z

−
Kert(q(N +Kert) + S(−C̄ + 2

∫ t
t0
Nds))2

(N +Kert)(C̄ − 2
∫ t
t0
Nds)2

= − Kertz2

(N +Kert)(C̄ − 2
∫ t
t0
Nds)2

.

Ðàññìîòðèì âûðàæåíèÿ ñòîÿùèå ïåðåä âñåìè Φz ñ ïåðåíîñîì ñëàãàåìîãî ñòî-

ÿùåãî â ëåâîé ÷àñòè

(N ′ + rKert)q − 2
qKert

(C̄ − 2
∫ t
t0
Nds)

(N +Kert) + 2SKert+

+
S(N ′ + rKert)(−C̄ + 2

∫ t
t0
Nds)

(N +Kert)

Âûíîñèì (N ′+rKert)
(N+Kert) + 2 Kert

(−C̄+2
∫ t
t0
Nds)

è ïîëó÷àåì

(
(N ′ + rKert)

(N +Kert)
+ 2

Kert

(−C̄ + 2
∫ t
t0
Nds)

)(q(N +Kert) + S(−C̄ + 2

∫ t

t0

Nds)) =

= (
(N ′ + rKert)

(N +Kert)
+ 2

Kert

(−C̄ + 2
∫ t
t0
Nds)

)z.

Èõ ïîäñòàíîâêà â ïîäìîäåëü äàñò

− Kertz2

(N +Kert)(C̄ − 2
∫ t
t0
Nds)2

+

+Φt + Φz(
(N ′ + rKert)

(N +Kert)
+ 2

Kert

(−C̄ + 2
∫ t
t0
Nds)

)z = rΦ +
µ2er(t−T )

2γσ2
−

−1

2
σ2 (N ′ + rKert)er(t−T )

(N +Kert)γσ2
− 1

2
σ2Φzz(−C̄ + 2

∫ t

t0

Nds)2−

−1

2
γσ2er(T−t)Φ2

z(−C̄ + 2

∫ t

t0

Nds)2 + Φ2
z(N +Kert)2.

Çàìåíà âèäà

Φ = Φ̃ +
µ2ter(t−T )

2γσ2
− 1

2
σ2 ln(N +Kert)er(t−T )

γσ2
.
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Óáèðàåò ñëàãàåìûå, êîòîðûå çàâèñÿò òîëüêî îò t. È ñëåäîâàòåëüíî èíâàðè-

àíòíîå ðåøåíèå èìååò âèä

θ = Sq +
S2(N ′ + rKert)er(t−T )

2(N +Kert)γσ2
− µSer(T−t)

γσ2
− q2Kert

2(C̄ − 2
∫ t
t0
Nds)

+

+
µ2ter(t−T )

2γσ2
− 1

2
σ2 ln(N +Kert)er(t−T )

γσ2
+ Φ(t, z).

(2.7.20)

ãäå z = (−C̄ + 2
∫ t
t0
N(s)ds)S + (N(t) +Kert)q è Φ(t, z) ðåøåíèå

− Kertz2

(N +Kert)(C̄ − 2
∫ t
t0
Nds)2

+ Φz(
(N ′ + rKert)

(N +Kert)
+ 2

Kert

(−C̄ + 2
∫ t
t0
Nds)

)z+

+Φt = rΦ− 1

2
σ2Φzz(−C̄ + 2

∫ t

t0

Nds)2−

−1

2
γσ2er(T−t)Φ2

z(−C̄ + 2

∫ t

t0

Nds)2 + Φ2
z(N +Kert)2.

(2.7.21)

Åñëè N = 0, òî K = 0 è ãðóïïà èìååò âèä

∂q + S∂θ (2.7.22)

Åãî íåçàâèñèìûå èíâàðèàíòû θ − Sq, t, S. Èøåì ðåøåíèÿ â âèäå θ =

Sq + ert

γerT φ(t, S). Ïðîèçâîäíûå ðàâíû

θt = r
ert

γerT
φ+

ert

γerT
φt, (2.7.23)

θS = q +
ert

γerT
φS, θSS =

ert

γerT
φSS, θq = S. (2.7.24)

Èõ ïîäñòàíîâêà â ðàññìàòðèâàåìîå óðàâíåíèÿ äàñò

r
ert

γerT
φ+

ert

γerT
φt = rSq + r

ert

γerT
φ+ (µ− rS)q − µ(q +

ert

γerT
φS)−

−1

2
σ2 ert

γerT
φSS −

1

2
γσ2er(T−t)

e2rt

γ2e2rT
φ2
S + S2.

(2.7.25)

Ñîêðàùåíèå è äåëåíèå íà ert è äîìíîæåíèå íà γerT äàñò

φt = −µφS −
1

2
σ2φSS −

1

2
σ2φ2

S + S2γer(T−t). (2.7.26)
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Äåëàåì çàìåíó âèäà

φ = lnψ +
w′

2σ2w
S2 + S(

1

w
− µ

σ2
)− lnw

2
−
∫

σ2

2w2
dt+

µ2

2σ2
t, (2.7.27)

ãäå w = I0(
2
r

√
2γσ2erTe−rt/2) ðåøåíèå w′′ − 2γσ2er(T−t)w = 0. Ïðîèçâîäíûå

èìåþò âèä

φt =
ψt
ψ

+ (
w′′

2σ2w
− (w′)2

2σ2w2
)S2 − S w

′

w2
− w′

2w
− σ2

2w2
+

µ2

2σ2
, (2.7.28)

φS =
ψS
ψ

+
w′

σ2w
S +

1

w
− µ

σ2
, (2.7.29)

φSS =
ψSS
ψ
− (ψS)2

ψ2
+

w′

σ2w
. (2.7.30)

Èõ ïîäñòàíîâêà äàñò

ψt
ψ

+ (
w′′

2σ2w
− (w′)2

2σ2w2
)S2 − S w

′

w2
− w′

2w
− σ2

2w2
+

µ2

2σ2
=

= −µ(
ψS
ψ

+
w′

σ2w
S +

1

w
− µ

σ2
)− 1

2
σ2(

ψSS
ψ
− (ψS)2

ψ2
+

w′

σ2w
)−

−1

2
σ2(

ψS
ψ

+
w′

σ2w
S +

1

w
− µ

σ2
)2 + γer(T−t)S2.

(2.7.31)

Ðàñêðûâàåì ñêîáêè, ñ ó÷åòîì òîãî, ÷òî

ψt
ψ

+
w′′

2σ2w
S2 − (w′)2

2σ2w2
S2 − S w

′

w2
− w′

2w
− σ2

2w2
+

µ2

2σ2
= −µψS

ψ
− µ w′

σ2w
S−

−µ 1

w
+
µ2

σ2
− 1

2
σ2ψSS

ψ
+

1

2
σ2 (ψS)2

ψ2
− w′

2w
−

−1

2
σ2((

ψS
ψ

)2 +
(w′)2

σ4w2
S2 +

1

w2
+
µ2

σ4
+ 2

ψS
ψ

(
w′

σ2w
S +

1

w
− µ

σ2
)+

+2
w′

σ2w2
S − 2µw′

σ4w
S − 2µ

σ2w
) + γer(T−t)S2,

ψt
ψ

+
w′′

2σ2w
S2 − (w′)2

2σ2w2
S2 − S w

′

w2
− w′

2w
− σ2

2w2
+

µ2

2σ2
= −µψS

ψ
− µ w′

σ2w
S−

−µ 1

w
+
µ2

σ2
− 1

2
σ2ψSS

ψ
+

1

2
σ2 (ψS)2

ψ2
− w′

2w
−

−1

2
σ2(

ψS
ψ

)2 − (w′)2

2σ2w2
S2 − σ2

2w2
− µ2

2σ2
− ψS

ψ
(
w′

w
S +

σ2

w
− µ)−

(2.7.32)
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−w
′

w2
S +

µw′

σ2w
S +

µ

w
+ γer(T−t)S2. (2.7.33)

Ñîêðàùåíèå îäèíàêîûâõ ýëåìåíòîâ äàñò

ψt
ψ

+
w′′

2σ2w
S2 +

µ2

2σ2
= −µψS

ψ
+
µ2

σ2
− 1

2
σ2ψSS

ψ
− µ2

2σ2
−

−ψS
ψ

(
w′

w
S +

σ2

w
− µ) + γer(T−t)S2.

(2.7.34)

Âûäåëèì ñëàãàåìûå ñîäåðæàùèå S2 : w′′

2σ2wS
2−γer(T−t)S2 = w′′−2γσ2er(T−t)w

2σ2w S2 =

0. È ñîêðàòèì, òî ÷òî ñêëàäûâàåòñÿ

ψt
ψ

= −1

2
σ2ψSS

ψ
+
ψS
ψ

(−w
′

w
S − σ2

w
).

ψt = −1

2
σ2ψSS + ψS(−w

′

w
S − σ2

w
).

(2.7.35)

Çàìåíà u = t, y = − ln(w)S −
∫

σ2

w dt. Ïðîèçâîäíûå

ψt = ψu + ψS(−w
′

w
S − σ2

w
), (2.7.36)

ψS = − ln(w)ψy, (2.7.37)

ψSS = ln2(w)ψyy. (2.7.38)

Ïîäñòàíîâêà äàåò

−ψu =
σ2 ln2(w)

2
ψyy. (2.7.39)

Òîãäà âñïîìíèâ (2.7.27), (2.7.23), ïîëó÷àåì çàìåíó

θ = Sq +
ert

γerT
(lnψ +

w′

2σ2w
S2 + S(

1

w
− µ

σ2
)− lnw

2
−
∫

σ2

2w2
dt+

µ2

2σ2
t),

(2.7.40)

ãäå ψ ðåøåíèå (2.7.35) è w = I0(
2
r

√
2γσ2erTe−rt/2).

Ñëåäîâàòåëüíî ãðóïïà 〈X1〉, ãäå X1 = ert∂θ íå îáëàäàåò èíââàðèàíòíû-

ìè ðåøåíèÿìè, òàê êàê åãî èíâàðèàíòû íå çàâèñÿò îò θ.
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Äàëåå ãðóïïå 〈X4+bX2+cX3+dX5〉 ñîîòâåòñòâóåò ïðèN = bϕ1+cϕ2+Ψ

è C = d

θ = Sq +
S2(bϕ′1 + cϕ′2 + Ψ′ + rert)er(t−T )

2(bϕ1 + cϕ2 + Ψ + ert)γσ2
− µSer(T−t)

γσ2
−

− q2ert

2(d− 2
∫ t
t0
bϕ1 + cϕ2 + Ψds)

+
µ2ter(t−T )

2γσ2
−

−1

2
σ2 ln(bϕ1 + cϕ2 + Ψ + ert)er(t−T )

γσ2
+ Φ(t, z).

(2.7.41)

ãäå z = (−d + 2
∫ t
t0
bϕ1 + cϕ2 + Ψ(s)ds)S + (bϕ1 + cϕ2 + Ψ + ert)q è Φ(t, z)

ðåøåíèå

− ertz2

(bϕ1 + cϕ2 + Ψ + ert)(d− 2
∫ t
t0
bϕ1 + cϕ2 + Ψds)2

+

+Φz(
(bϕ′1 + cϕ′2 + Ψ′ + rert)

(bϕ1 + cϕ2 + Ψ + ert)
+ 2

ert

(−d+ 2
∫ t
t0
bϕ1 + cϕ2 + Ψds)

)z+

+Φt = rΦ− 1

2
σ2Φzz(−d+ 2

∫ t

t0

bϕ1 + cϕ2 + Ψds)2−

−1

2
γσ2er(T−t)Φ2

z(−d+ 2

∫ t

t0

bϕ1 + cϕ2 + Ψds)2 + Φ2
z(bϕ1 + cϕ2 + Ψ + ert)2.

(2.7.42)

Äàëåå ãðóïïå 〈X2 + bX3 + dX5〉 ñîîòâåòñòâóåò ïðè N = ϕ1 + bϕ2, K = 0

è C = d

θ = Sq +
S2(ϕ′1 + bϕ′2)e

r(t−T )

2(ϕ1 + bϕ2)γσ2
− µSer(T−t)

γσ2
+

+
µ2ter(t−T )

2γσ2
− 1

2
σ2 ln(ϕ1 + bϕ2)e

r(t−T )

γσ2
+ Φ(t, z).

(2.7.43)

ãäå z = (−d+ 2
∫ t
t0
ϕ1 + bϕ2ds)S + (ϕ1 + bϕ2)q è Φ(t, z) ðåøåíèå

Φz(
(ϕ′1 + bϕ′2)

(ϕ1 + bϕ2)
)z + Φt = rΦ− 1

2
σ2Φzz(−d+ 2

∫ t

t0

ϕ1 + bϕ2ds)
2−

−1

2
γσ2er(T−t)Φ2

z(−d+ 2

∫ t

t0

ϕ1 + bϕ2ds)
2 + Φ2

z(ϕ1 + bϕ2)
2.

(2.7.44)
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Ðàññìîòðèì 〈X3 + dX5〉 ñ N = ϕ2, K = 0 è C̄ = d

θ = Sq +
S2(ϕ′2)e

r(t−T )

2(ϕ2)γσ2
− µSer(T−t)

γσ2
+

+
µ2ter(t−T )

2γσ2
− 1

2
σ2 ln(ϕ2)e

r(t−T )

γσ2
+ Φ(t, z).

(2.7.45)

ãäå z = (−d+ 2
∫ t
t0
ϕ2ds)S + ϕ2q è Φ(t, z) ðåøåíèå

Φz
(ϕ′2)

(ϕ2)
z + Φt = rΦ− 1

2
σ2Φzz(−d+ 2

∫ t

t0

ϕ2ds)
2−

−1

2
γσ2er(T−t)Φ2

z(−d+ 2

∫ t

t0

ϕ2ds)
2 + Φ2

z(ϕ2)
2.

(2.7.46)

Ðàññìîòðèì ïîäàëãåáðó 〈X5〉. Îíà èìååò èíâàðèàíòíóþ ïîäìîäåëü

θ = Sq +
ert

γerT
(lnψ +

w′

2σ2w
S2 + S(

1

w
− µ

σ2
)− lnw

2
−
∫

σ2

2w2
dt+

µ2

2σ2
t),

(2.7.47)

ãäå w = I0(
2
r

√
2γσ2erTe−rt/2) è ψ ðåøåíèå

ψt = −1

2
σ2ψSS + ψS(−w

′

w
S − σ2

w
). (2.7.48)

2.8. Ñëó÷àé F ′′ = 0

Ïðåäïîëîæèì F ′′ = 0, òîãäà F ′ = const è îíà ïðèíèìàåò âèä F = cθq + b.

Ïðåîáðàçîâàíèå ýâèâàëåíòíîñòè ñäâèãà óáèðàåò b è ñëåäîâàòåëüíî F = cθq.

Ïåðåïèøåì (2.2.33)-(2.2.40) è (2.2.29).

((µ− rS)q − γσ2er(T−t)q2/2 + cθq)(γMer(T−t))+

+rM − (µ− γσ2er(T−t)q)MS −Mt + c(Mq − θqγMer(T−t))− 1

2
σ2MSS = 0.

(2.8.1)

rC2 − (C2)t + c(C2)q = 0, (2.8.2)

−rq(−rτ + 2A) + rC1 − rα− rqA−

−2C2(µ− γσ2er(T−t)q)− (C1)t + c(C1)q = 0,
(2.8.3)
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(µq + cθq)(−rτ + 2A) + rD − rqB + (µ− γσ2er(T−t)q)(−C1 + α)−Dt+

+θqαt + γσ2er(T−t)q2(rτ − A) + c(Dq + θqrτ − θqαq)− σ2C2 = 0.

(2.8.4)

At − cAq + γσ2er(T−t)(−2C2) = 0, (2.8.5)

−µA+Bt + γσ2er(T−t)(q(A− rτ)− C1 + α)− cBq = 0, (2.8.6)

τt − cτq − 2A = 0, (2.8.7)

ξ = A(t, q)S +B(t, q),

η = rτθ +M(t, S, q)e−γe
r(T−t)θ +D(t, q) + C1(t, q)S + C2(t, q)S

2,
(2.8.8)

τS = 0, τθ = 0, αS = 0, αθ = 0, ξθ = 0. (2.8.9)

Ïîëó÷àåì äîïîëíèòåëüíîå óðàâíåíèå äèôôåðåíöèðîâàíèåì (2.8.4) ïî θq

c(−rτ + 2A) + αt + c(rτ − αq) = αt + c(2A− αq) = 0. (2.8.10)

Ââèäó òîãî, ÷òî óðàâíåíèÿ (2.8.2)-(2.8.10) ñîäåðæàò ïðîèçâîäíûå òîëüêî â

âèäå êîìáèíàöèè ïðîèçâîäíûõ ïî q è t, êîòîðûå ìîæíî âûïèñàòü â âèäå

îïåðàòîðà ∂t − c∂q, òî èìååò ñìûñë ñäåëàòü çàìåíó

u = t, v = q + ct, (2.8.11)

t = u, q = v − cu. (2.8.12)

Ïðîèçâîäíûå, ê ïðèìåðó, äëÿ C2

(C2)t = (C2)u + c(C2)v,

(C2)q = (C2)v.

Òîãäà âûðàæåíèå èçìåíèòñÿ òàê (C2)t−c(C2)q = (C2)u. Ñëåäîâàòåëüíî (2.8.2),

(2.8.2), (2.8.3), (2.8.4), (2.8.5), (2.8.6), (2.8.7), (2.8.10) ïåðåïèøóòñÿ êàê

rC2 − (C2)u = 0, (2.8.13)

−r(v − cu)(−rτ + 2A) + rC1 − rα− r(v − cu)A−

−2C2(µ− γσ2er(T−u)(v − cu))− (C1)u = 0,
(2.8.14)
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Au + γσ2er(T−u)(−2C2) = 0, (2.8.15)

−µA+Bu + γσ2er(T−u)((v − cu)(A− rτ)− C1 + α) = 0, (2.8.16)

τu − 2A = 0, (2.8.17)

αu + 2cA = 0. (2.8.18)

µ(v − cu)(−rτ + 2A) + rD − r(v − cu)B + (µ− γσ2er(T−u)(v − cu))(−C1 + α)−

−Du + γσ2er(T−t)(v − cu)2(rτ − A)− σ2C2 = 0.

(2.8.19)

((µ− rS)(v − cu)− γσ2er(T−t)(v − cu)2/2)γMer(T−u)+

+rM − (µ− γσ2er(T−u)(v − cu))MS −Mu −
1

2
σ2MSS = 0.

(2.8.20)

Ñëåäîâàòåëüíî îáðàçóåòñÿ ðàçðåøèìàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíå-

íèé îòíîñèòåëüíî ïåðåìåííîé u ââèäó òîãî, ÷òî óðàâíåíèÿ ìîæíî ðåøèòü

ïîñëåäîâàòåëüíî è íà êàæäîì øàãå â íèõ áóäåò òîëüêî îäíà íåèçâåñòíàÿ

ôóíêöèÿ. Ïîðÿäîê ðåøåíèÿ ñëåäóþùèé. Ñíà÷àëà íàéòè C2 èç (2.8.13), äà-

ëåå îíî ïîäñòàâëÿåòñÿ â (2.8.15), ãäå íåèçâåñòíà, òîëüêî A è íàõîäèì åãî.

Çàòåì ïîäñòàíîâêîé A â (2.8.18), (2.8.17) íàõîäèì τ è α. Äàëåå â óðàâíåíèè

(2.8.14) íåèçâåñòíà òîëüêî C1, ïîñëå åãî ïîëó÷åíèÿ íàõîäèì B èç óðàâíåíèÿ

(2.8.16) è äàëåå D èç (2.8.16). Â ñëåäóþùåé ñåêöèè óðàâíåíèÿ äëÿ M (2.8.20)

áóäåò ñâåäåíî ê óðàâíåíèþ òåïëîïðîâîäíîñòè. Íà÷èíàåì ñ ðåøåíèÿ (2.8.13)

C2 = feru, ãäå f = f(v). (2.8.21)

Ïîäñòàâëÿåì åãî â (2.8.15) è ïîëó÷àåì

Au − 2fγσ2erT = 0,

A = 2fγσ2erTu+ g, ãäå g = g(v). (2.8.22)

Äàëåå îíî ïîäñòàâëÿåòñÿ â (2.8.17) è (2.8.18)

τu = 4fγσ2erTu+ 2g,
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αu = −4cfγσ2erTu− 2cg.

Èõ èíòåãðèðîâàíèå äàåò

τ = 2fγσ2erTu2 + 2gu+ h, (2.8.23)

α = −2cfγσ2erTu2 − 2cgu+ w, (2.8.24)

ãäå h, w çàâèñÿò îò v. Ââèäó ëèíåéíîñòè óðàâíåíèé è èõ áîëüøîãî ðàçìåðà,

÷àñòíûå ðåøåíèÿ ïî êàæäîé ïðîèçâîëüíîé ôóíêöèè äàëåå áóäåì èñêàòü îò-

äåëüíî. Ðàññìîòðèì óðàâíåíèå (2.8.14). Åãî îáùåå ðåøåíèå îáðàçóåò ðåøåíèå

óðàâíåíèÿ

rC1 − (C1)u = 0 è îíî ðàâíî C1 = neru, ãäå n = n(v). Âûïèøåì äëÿ óæå íàé-

äåííûõ ôóíêöèé, êîìïîíåíòû ñ ñîîòâåòñòâóþùèìèì ïðîèçâîëüíûìè ôóíê-

öèÿìè

f g h w

C2 eru 0 0 0

A 2γσ2erTu 1 0 0

τ 2γσ2erTu2 2u 1 0

α −2cγσ2erTu2 −2cu 0 1

(2.8.25)

Äàëåå ðàññìîòðèì ÷ëåíû óðàâíåíèé (2.8.22), (2.8.21), (2.8.23), (2.8.24) ñ ôóíê-

öèåé f Èõ ïîäñòàíîâêà â (2.8.14) äàåò

−r(v − cu)(−r2γσ2erTu2 + 4γσ2erTu) + rC1 + r2cγσ2erTu2−

−r(v − cu)2γσ2erTu− 2eru(µ− γσ2er(T−u)(v − cu))− (C1)u = 0,
(2.8.26)

Ðàñêðûòèå ñêîáîê äàñò

2r2vγσ2erTu2 − 4rvγσ2erTu− 2r2cγσ2erTu3 + 4rcγσ2erTu2+

+rC1 + r2cγσ2erTu2 − 2rvγσ2erTu+ 2rcγσ2erTu2−

−2µeru + 2γσ2erTv − 2γσ2erT cu− (C1)u = 0,

(2.8.27)
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Ñîêðàùåíèå äàñò

2r2vγσ2erTu2 − 6rvγσ2erTu− 2r2cγσ2erTu3 + 8rcγσ2erTu2+

+rC1 − 2µeru + 2vγσ2erT − 2cγσ2erTu− (C1)u = 0,
(2.8.28)

Âûíîñèì γσ2erT

γσ2erT (2r2vu2 − 6rvu− 2r2cu3 + 8rcu2 + 2v − 2cu)+

+rC1 − 2µeru − (C1)u = 0,
(2.8.29)

Ãðóïïèðóåì ïî ñòåïåíÿì u

γσ2erT (−2r2cu3 + (8rc+ 2r2v)u2 − (6rv + 2c)u+ 2v)+

+rC1 − 2µeru − (C1)u = 0,
(2.8.30)

×àñòíîå ðåøåíèå èùåòñÿ ïî ôîðìóëå ïîèñêà ÷àñòíîãî ðåøåíèÿ â âèäå èíòå-

ãðàëà

eru
∫
e−ru(γσ2erT (−2r2cu3 + (8rc+ 2r2v)u2 − (6rv + 2c)u+ 2v)−

−2µeru)du

(2.8.31)

Ðàçáèâàåì èíòåãðàë íà ÷àñòè è èíòåãðèðóåì èõ îòäåëüíî∫
e−ru(−2r2cu3 + (8rc+ 2r2v)u2 − (6rv + 2c)u+ 2v)du, (2.8.32)

µ

∫
e−ruerudu = µu. (2.8.33)

Ôîðìóëà èíòåãðèðîâàíèÿ ïîäîáíîãî âèäà èíòåãðàëîâ∫
e−ru(Au3 +Bu2 + Cu+D)du =

= −e−ru(Au
3

r
+ (

3A

r2
+
B

r
)u2 + (

6A

r3
+

2B

r2
+
C

r
)u+

6A

r4
+

2B

r3
+
C

r2
+
D

r
).

Ïîäñòàíîâà â íåå äàåò

−e−ru(−2r2cu3

r
+ (
−6r2c

r2
+

8rc+ 2r2v

r
)u2+

+(
−12r2c

r3
+

16rc+ 4r2v

r2
− (6rv + 2c)

r
)u+

+
−12r2c

r4
+

16rc+ 4r2v

r3
− (6rv + 2c)

r2
+

2v

r
)

(2.8.34)
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Ñîêðàùåíèå äàñò

−e−ru(−2rcu3 + (2c+ 2rv)u2 + (
4c+ 4rv

r
− (6rv + 2c)

r
)u+

+
4c+ 4rv

r2
− (6rv + 2c)

r2
+

2v

r
) = −e−ru(−2rcu3 + (2c+ 2rv)u2+

+
2c− 2rv

r
u+

2c

r2
) = e−ru(2rcu3 − (2c+ 2rv)u2 +

−2c+ 2rv

r
u− 2c

r2
)

(2.8.35)

Ñëåäîâàòåëüíî èíòåãðàë (2.8.31) ðàâåí

γσ2erT (2rcu3 − (2c+ 2rv)u2 +
−2c+ 2rv

r
u− 2c

r2
)− 2µueru + consteru.

(2.8.36)

Òåïåðü ïîäñòàâëÿåì êîìïîíåíòû ñ g èç (2.8.25) â (2.8.14)

−r(v − cu)(−2ru+ 2) + rC1 + 2rcu− r(v − cu)− (C1)u = 0. (2.8.37)

Ðàñêðûòèå ñîáîê äàåò

−2rv + 2rcu+ 2r2vu− 2r2cu2 + rC1 + 2rcu− rv + rcu− (C1)u = 0. (2.8.38)

Ñîêðàùåíèå äàñò

−3rv + 2r2vu− 2r2cu2 + rC1 + 5rcu− (C1)u = 0. (2.8.39)

×àñòíîå ðåøåíèå èùåì â âèäå

eru
∫
e−ru(−2r2cu2 + (5rc+ 2r2v)u− 3rv)du (2.8.40)

Ïîñëå èíòåãðèðîâàíèÿ ïîëó÷àåòñÿ

eru(−e−ru(−2rcu2 + (5c− 4c+ 2rv)u+
5c− 4c

r
+ 2v − 3v)) + consteru =

= (2rcu2 + (−c− 2rv)u− c

r
+ v) + consteru.

(2.8.41)

h è w ïîäñòàâëÿåì ñðàçó â (2.8.14)

−r(v − cu)(−rh) + rC1 − rw − (C1)u = 0. (2.8.42)
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×àñòíîå ðåøåíèå ïîëó÷àåòñÿ êàê èíòåãðàë

eru
∫
e−ru(r2h(v − cu)− rw)du = eru(e−ru(−r2h(

v

r
− c

r2
− c

r
u) + w)) =

= h(−vr + c+ cru) + w.

(2.8.43)

Òîãäà ñîáèðàåì ðåøåíèå C1 èñïîëüçóÿ (2.8.36), (2.8.41), (2.8.43)

C1 = neru + h(−vr + c+ cru) + w + g(2rcu2 + (−c− 2rv)u− c

r
+ v)+

+f(γσ2erT (2rcu3 − (2c+ 2rv)u2 +
−2c+ 2rv

r
u− 2c

r2
)− 2µueru),

(2.8.44)

ãäå n = n(v). Òåïåðü âûðàæàåì Bu èç (2.8.16)

Bu = µA+ γσ2er(T−u)(−(v − cu)(A− rτ) + C1 − α). (2.8.45)

Ïîäñòàâëÿåì ñëàãàåìûå ñîäåðæàùèå f èç (2.8.44), (2.8.25)

2µγσ2erTu+ γσ2er(T−u)(−(v − cu)(2γσ2erTu− r2γσ2erTu2)+

+(γσ2erT (2rcu3 − (2c+ 2rv)u2 +
−2c+ 2rv

r
u− 2c

r2
)− 2µueru)+

+2cγσ2erTu2)

(2.8.46)

Âûíîñèì γσ2erT , âíîñèì e−ru äëÿ ñîêðàùåíèÿ eru è ïîëó÷àåì

γσ2erT (2µu+ γσ2er(T−u)(−(v − cu)(2u− 2ru2)+

+(2rcu3 − (2c+ 2rv)u2 +
−2c+ 2rv

r
u− 2c

r2
) + 2cu2)− 2µu).

(2.8.47)

Ñîêðàùàåì 2µu è 2cu2, òàêæå ðàñêðûâàåì ñêîáêó

γσ2erTγσ2er(T−u)(2cu2 − 2uv − 2rcu3 + 2rvu2 + 2rcu3 − 2rvu2+

+
−2c+ 2rv

r
u− 2c

r2
) = (γσ2erT )2e−ru(2cu2 − 2

c

r
u− 2c

r2
).

(2.8.48)

Ïîäñòàíîâà â ôîðìóëó äàåò

−(γσ2erT )2e−ru(2
c

r
u2 + 2

c

r2
u) (2.8.49)
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Äàëåå ðàññìîòðèì ïîäñòàíîâêó â (2.8.45) ñëàãàåìûõ ñ g

µ+ γσ2er(T−u)(−(v − cu)(1− 2ru) + 2rcu2 + (−c− 2rv)u− c

r
+ v + 2cu)

(2.8.50)

Ðàñêðûàåì ñêîáêè

µ+ γσ2er(T−u)(cu− v + 2rvu− 2rcu2 + 2rcu2 − cu− 2rvu− c

r
+ v + 2cu)

(2.8.51)

Ñîêðàùåíèå äàñò

µ+ γσ2er(T−u)(−c
r

+ 2cu) (2.8.52)

Åãî èíòåãðèðîâàíèå ïî ôîðìóëå äàñò

µu+ γσ2er(T−u)(−2
c

r
u− c

r2
) (2.8.53)

Äàëåå ïîäñòàâëÿåì êîìïîíåíòû ñ h

γσ2er(T−u)((v − cu)r − vr + c+ cru) = cγσ2er(T−u) (2.8.54)

Åãî èíòåãðèðîâàíèå äàñò

−c
r
γσ2er(T−u). (2.8.55)

Äàëåå ïîäñòàâëÿåì êîìïîíåíòû ñ w è n

γσ2er(T−u)(neru + w − w) = nγσ2erT . (2.8.56)

Åãî èíòåãðèðîâàíèå äàñò

nγσ2erTu (2.8.57)

Îáùåå ðåøåíèå óðàâíåíèÿ Bu = 0 áóäåò Bîáùåå = b(v). Ñëåäîâàòåëüíî, ó÷è-

òûâàÿ (2.8.49), (2.8.53), (2.8.55), (2.8.57), B ðàâåí

B = b(v) + nγσ2erTu− c

r
hγσ2er(T−u) + g(µu+ γσ2er(T−u)(−2

c

r
u− c

r2
))+

+f(γσ2erT )2e−ru(−2
c

r
u2 − 2

c

r2
u)

(2.8.58)
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Ïåðåïèøåì óðàâíåíèå (2.8.19)

µ(v − cu)(−rτ + 2A)− r(v − cu)B + (µ− γσ2er(T−u)(v − cu))(−C1 + α)−

−Du + rD + γσ2er(T−u)(v − cu)2(rτ − A)− σ2C2 = 0.

(2.8.59)

Çàìåòèì, ÷òî â íåì, ââèäó ñõîæåñòè ìíîæèòåëåé (rτ−A) è (−rτ+2A), ìîæíî

âûíåñòè ìíîæèòåëü (µ− γσ2er(T−u)(v − cu)) è ïåðåïèøåì åãî â âèäå

µ(v − cu)A+ rD −Dt − σ2C2 − r(v − cu)B+

+(µ− γσ2er(T−u)(v − cu))(−C1 + α− r(v − cu)τ + (v − cu)A) = 0.
(2.8.60)

Ïîäñòàâëÿåì êîìïîíåíòû ñ ïðîèçâîëüíûìè ôóíêöèÿìè ïî î÷åðåäè èç óæå

íàéäåííûõ (2.8.25), (2.8.44), (2.8.58). Ïðè åãî âû÷èñëåíèè ïðè ïîèñêå ÷àñòíûõ

ðåøåíèé ïî òîé èëè èíîé ïðîèçâîëüíîé ôóíêöèè êîíñòàíòû èíòåãðèðîâàíèÿ

áóäóò îïóñêàòüñÿ, ââèäó òîãî ÷òî îíè ïåðåõîäÿò â îáùåå ðåøåíèå. Íà÷èíàåì

ñ f

µ(v − cu)2γσ2erTu+ rD −Dt − σ2eru − r(v − cu)(γσ2erT )2e−ru(−2
c

r
u2 − 2

c

r2
u)+

+(µ− γσ2er(T−u)(v − cu))(γσ2erT (−2rcu3 + (2c+ 2rv)u2 − −2c+ 2rv

r
u+

2c

r2
)+

+2µueru − 2cγσ2erTu2 − r(v − cu)2γσ2erTu2 + (v − cu)2γσ2erTu) = 0.

(2.8.61)

Â ìíîæèòåëå ïðè âûðàæåíèè (µ − γσ2er(T−u)(v − cu)) âûíîñèì îáùèé ìíî-

æèòåëü γσ2erT

µ(v − cu)2γσ2erTu+ rD −Dt − σ2eru − r(v − cu)(γσ2erT )2e−ru(−2
c

r
u2 − 2

c

r2
u)+

+(µ− γσ2er(T−u)(v − cu))(γσ2erT (−2rcu3 + (2c+ 2rv)u2 − −2c+ 2rv

r
u+

+
2c

r2
− 2cu2 − r(v − cu)2u2 + (v − cu)2u) + 2µueru) = 0.

(2.8.62)



82

Ðàñêðûâàåì ñêîáêè

µ2γσ2erT (v − cu)u+ rD −Dt − σ2eru + (v − cu)(γσ2erT )2e−ru(2cu2 + 2
c

r
u)+

+(µ− γσ2er(T−u)(v − cu))(γσ2erT (−2rcu3 + 2cu2 + 2rvu2 + 2
c

r
u− 2vu+

+
2c

r2
− 2cu2 − 2rvu2 + 2rcu3 + 2vu− 2cu2) + 2µueru) = 0.

(2.8.63)

Ñîêðàùåíèå äàñò

µ2γσ2erT (v − cu)u+ rD −Dt − σ2eru + (v − cu)(γσ2erT )2e−ru(2cu2 + 2
c

r
u)+

+(µ− γσ2er(T−u)(v − cu))(γσ2erT (2
c

r
u+

2c

r2
− 2cu2) + 2µueru) = 0.

(2.8.64)

Ðàñêðûâàåì (µ− γσ2er(T−u)(v − cu)) è âûíîñèì γσ2er(T−u)(v − cu)

rD −Dt − σ2eru + γσ2er(T−u)(v − cu)(−γσ2erT (2
c

r
u+

2c

r2
− 2cu2)−

−2µueru + 2µeruu+ (2cu2 + 2
c

r
u)γσ2erT )+

+µ(γσ2erT (2
c

r
u+

2c

r2
− 2cu2) + 2µueru) = 0.

(2.8.65)

Ñîêðàùåíèå äàñò

rD −Dt − σ2eru + γσ2er(T−u)(v − cu)(γσ2erT (−2c

r2
+ 4cu2))+

+µ(γσ2erT (2
c

r
u+

2c

r2
− 2cu2) + 2µueru) = 0.

(2.8.66)

Ðàñêðûòèå ñêîáîê äàñò

rD −Dt − σ2eru + (γσ2erT )2e−ru(−2cv

r2
+ 4cvu2 +

2c2

r2
u− 4c2u3)+

+µγσ2erT (2
c

r
u+

2c

r2
− 2cu2) + 2µ2ueru = 0.

(2.8.67)

Äëÿ íàõîæäåíèÿ ÷àñòíûõ ðåøåíèé íóæíî âû÷èñëèòü òðè èíòåãðàëà

eru
∫
e−2ru(−2cv

r2
+ 4cvu2 +

2c2

r2
u− 4c2u3)du,

eru
∫
e−ru(−σ2eru + 2µ2ueru)du,

eru
∫
e−ru(2

c

r
u+

2c

r2
− 2cu2)du.

(2.8.68)
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Âû÷èñëåíèå ïåðâîãî èíòåãðàëà ïî ôîðìóëå äàåò

−erue−2ru(u3(−4c2

2r
) + u2(−12c2

4r2
+

4cv

2r
)+

+u(−24c2

8r3
+

8cv

4r2
+

2c2

2r3
)− 24c2

16r4
+

8cv

8r3
+

2c2

4r4
− 2cv

2r3
)

(2.8.69)

Ñîêðàùåíèå äàñò

−e−ru(u3(−2c2

r
) + u2(−3c2

r2
+

2cv

r
) + u(−2c2

r3
+

2cv

r2
)− c2

r4
) (2.8.70)

Ïîäñòàíîâêà òðåòüåãî èíòåãðàëà äàñò

−erue−ru(−u2 2c

r
+ u(−4c

r2
+ 2

c

r2
)− 4c

r3
+ 2

c

r3
+

2c

r3
) (2.8.71)

Ñîêðàùåíèå äàñò

−(−u2 2c

r
− 2c

r2
u) = (u2 2c

r
+

2c

r2
u) (2.8.72)

Èíòåãðèðîâàíèå âòîðîãî èíòåãðàëà äàñò

−σ2ueru + µ2u2eru (2.8.73)

Òîãäà ïðè f ÷àñòíîå ðåøåíèå ïîëó÷àåòñÿ

−σ2ueru + µ2u2eru + µγσ2erT (u2 2c

r
+

2c

r2
u)+

+(γσ2erT )2e−ru(u3 2c2

r
+ u2(

3c2

r2
− 2cv

r
) + u(

2c2

r3
− 2cv

r2
) +

c2

r4
)

(2.8.74)

Òåïåðü ïîäñòàâëÿåì êîìïîíåíòû ñ íåèçâåñòíîé g èç (2.8.25), (2.8.44), (2.8.58)

µ(v − cu) + rD −Dt − r(v − cu)(µu+ γσ2er(T−u)(−2
c

r
u− c

r2
))+

+(µ− γσ2er(T−u)(v − cu))(−2rcu2 + cu+ 2rvu+
c

r
− v − 2cu− r(v − cu)2u+ (v − cu))

(2.8.75)

Ðàñðûòèå ñîáîê äàåò

µ(v − cu) + rD −Dt + (−µr(v − cu)u+ γσ2er(T−u)(v − cu)(2cu+
c

r
))+

+(µ− γσ2er(T−u)(v − cu))(−2rcu2 + cu+ 2rvu+
c

r
− v−

−2cu− 2rvu+ 2rcu2 + v − cu)

(2.8.76)
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Ñîêðàùåíèå äàñò

µ(v − cu) + rD −Dt − µr(v − cu)u+ γσ2er(T−u)(v − cu)(2cu+
c

r
)+

+(µ− γσ2er(T−u)(v − cu))(
c

r
− 2cu)

(2.8.77)

Âûíåñåì µ è γσ2er(T−u)(v − cu)

µ((v − cu)− r(v − cu)u+ (
c

r
− 2cu)) + rD −Dt+

+γσ2er(T−u)(v − cu)((2cu+
c

r
)− (

c

r
− 2cu))

(2.8.78)

Òîãäà ïîëó÷èòñÿ

µ(v − rvu+ rcu2 +
c

r
− 3cu) + rD −Dt+

+γσ2er(T−u)(v − cu)4cu
(2.8.79)

Äëÿ íàõîæäåíèÿ ÷àñòíîãî ðåøåíèÿ íóæíî âû÷èñëèòü äâà èíòåãðàëà

eru
∫
e−ru(v − rvu+ rcu2 +

c

r
− 3cu)du, (2.8.80)

eru
∫
e−2ru(4cuv − 4c2u2)du (2.8.81)

Ïîäñòàíîâêà â ôîðìóëó ïåðâîãî èíòåãðàëà äàñò

−erue−ru(u2(
rc

r
) + u(

2rc

r2
+
−rv
r

+
−3c

r
) +

2rc

r3
+
−rv
r2

+
−3c

r2
+

c

r2
+
v

r
) =

= −cu2 + u(v +
c

r
).

(2.8.82)

Âû÷èñëåíèå âòîðîãî èíòåãðàëà äàñò

−erue−2ru(−u2 4c2

2r
+ u(−8c2

4r2
+

4cv

2r
)− 8c2

8r3
+

4cv

4r2
) = (2.8.83)

= −e−ru(−u2 2c2

r
+ u(−2c2

r2
+

2cv

r
)− c2

r3
+
cv

r2
). (2.8.84)

Òîãäà îáùåå ðåøåíèå äëÿ ÷ëåíîâ ñîäåðæàùèõ ïðîèçîëüíóþ ôóíêöèþ g áóäåò

µ(−cu2 + u(v +
c

r
)) + γσ2er(T−u)(u2 2c2

r
+ u(

2c2

r2
− 2cv

r
) +

c2

r3
− cv

r2
) (2.8.85)
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Äàëåå ïîäñòàâëÿåì ñ ïðîèçâîëüíîé ôóíêöèåé h

rD −Dt − r(v − cu)(−c
r
γσ2er(T−u))+

+(µ− γσ2er(T−u)(v − cu))(vr − c− cru− r(v − cu)) = 0.
(2.8.86)

Ñîêðàùåíèå äàñò

rD −Dt + c(v − cu)γσ2er(T−u)+

+(−µc+ cγσ2er(T−u)(v − cu)) = 0.
(2.8.87)

è äàëåå

rD −Dt − µc+ 2cγσ2er(T−u)(v − cu) = 0. (2.8.88)

Âû÷èñëåíèå èíòåãðàëà

eru
∫
e−2ru(v − cu)du (2.8.89)

äàñò

−erue−2ru(
v

2r
− c

4r2
− c

2r
u) = e−ru(− v

2r
+

c

4r2
+

c

2r
u) (2.8.90)

Òîãäà ÷àñòíîå ðåøåíèå ïî h áóäåò

µ
c

r
+ cγσ2er(T−u)(−v

r
+

c

2r2
+
c

r
u) (2.8.91)

Äàëåå b, n, w ïïîäñòàâëÿþòñÿ ðàçîì

rD −Dt − r(v − cu)(b+ nγσ2erTu)+

+(µ− γσ2er(T−u)(v − cu))(−neru − w + w) = 0.
(2.8.92)

Ñîêðàùåíèå è ðàñêðûòèå ñêîáîê äàñò

rD −Dt − r(v − cu)b− r(v − cu)nγσ2erTu− µneru + γσ2erT (v − cu)n = 0.

(2.8.93)

Âûíîñèì nγσ2erT

rD −Dt − r(v − cu)b+ nγσ2erT (−ruv + rcu2 + v − cu)− µneru = 0.

(2.8.94)
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Ðàññìîòðèì èíòåãðàë

eru
∫
e−ru(−r(v − cu)b+ nγσ2erT (−ruv + rcu2 + v − cu)− µneru)du

(2.8.95)

Åãî ðåøåíèå

((v − cu− c

r
)b+ nγσ2erT (−cu2 − c

r
u− c

r2
+ uv)− µnueru) (2.8.96)

Îáùåå ðåøåíèå óðàâíåíèÿ rD −Dt = 0 ÿâëÿåòñÿ

d(v)eru (2.8.97)

Ñëåäîâàòåëüíî ðåøåíèå óðàâíåíèÿ (2.8.19) ââèäó (2.8.74), (2.8.85), (2.8.91),

(2.8.96) ÿâëÿåòñÿ

D = deru + (v − cu− c

r
)b+ n(γσ2erT (−cu2 − c

r
u− c

r2
+ uv)− µueru)+

+f(−σ2ueru + µ2u2eru + µγσ2erT (u2 2c

r
+

2c

r2
u)+

+(γσ2erT )2e−ru(u3 2c2

r
+ u2(

3c2

r2
− 2cv

r
) + u(

2c2

r3
− 2cv

r2
) +

c2

r4
))+

+g(µ(−cu2 + u(v +
c

r
)) + γσ2er(T−u)(u2 2c2

r
+ u(

2c2

r2
− 2cv

r
) +

c2

r3
− cv

r2
))+

+h(µ
c

r
+ cγσ2er(T−u)(−v

r
+

c

2r2
+
c

r
u)).

(2.8.98)

Äåëàåì îáðàòíóþ çàìåíó (2.8.11) v = t+ cq, u = t â (2.8.22), (2.8.21), (2.8.24),

(2.8.23), (2.8.44), (2.8.58)

C2 = f(q + ct)ert, (2.8.99)

A = 2f(q + ct)γσ2erT t+ g(q + ct), (2.8.100)

τ = 2f(q + ct)γσ2erT t2 + 2g(q + ct)t+ h(q + ct), (2.8.101)

α = −2cf(q + ct)γσ2erT t2 − 2cg(q + ct)t+ w(q + ct), (2.8.102)

C1 = n(q + ct)ert + h(q + ct)(c− rq) + w(q + ct) + g(q + ct)(−2rtq + q − c

r
)+

+f(q + ct)(γσ2erT (−2rqt2 + 2tq − 2c

r
t− 2c

r2
)− 2µtert),

(2.8.103)



87

B = b(q + ct) + n(q + ct)γσ2erT t− c

r
h(q + ct)γσ2er(T−t)+

+g(q + ct)(µt+ γσ2er(T−t)(−2
c

r
t− c

r2
))+

+f(q + ct)(γσ2erT )2e−rt(−2
c

r
t2 − 2

c

r2
t),

(2.8.104)

D = d(q + ct)ert + (q − c

r
)b(q + ct) + n(q + ct)(γσ2erT (tq − c

r
t− c

r2
)− µtert)+

+f(q + ct)(−σ2tert + µ2t2ert + µγσ2erT (t2
2c

r
+

2c

r2
t)+

+(γσ2erT )2e−rt(t2(
c2

r2
− 2cq

r
) + t(

2c2

r3
− 2cq

r2
) +

c2

r4
))+

+g(q + ct)(µ(tq + t
c

r
) + γσ2er(T−t)(−qt2c

r
+ t

c2

r2
+
c2

r3
− cq

r2
))+

+h(q + ct)(µ
c

r
+ cγσ2er(T−t)(−q

r
+

c

2r2
)).

(2.8.105)

Ñëåäîâàòåëüíî ïî (2.8.8) ââèäó òîãî, ÷òî îïåðàòîð ñM íàõîäèòñÿ â îòäåëüíîì

îò äðóãèõ ôóíêöèé óðàâíåíèè, òî ïðèìåíåíèåì îáðàòíîé çàìåíû íàéäåíû

îïåðàòîðû

d(q + ct) : ert∂θ, (2.8.106)

n(q + ct) : γσ2erT t∂S + (ertS + (γσ2erT (tq − c

r
t− c

r2
)− µtert))∂θ, (2.8.107)

b(q + ct) : ∂S + (q − c

r
)∂θ, (2.8.108)

h(q + ct) : ∂t −
c

r
γσ2er(T−t)∂S + (rθ + (c− rq)S + µ

c

r
+ cγσ2er(T−t)(−q

r
+

c

2r2
))∂θ,

(2.8.109)

w(q + ct) : ∂q + S∂θ, (2.8.110)

g(q + ct) : 2t∂t − 2ct∂q + (S + (µt+ γσ2er(T−t)(−2
c

r
t− c

r2
)))∂S+

+(2rtθ + µ(tq + t
c

r
) + γσ2er(T−t)(−qt2c

r
+ t

c2

r2
+
c2

r3
− cq

r2
)+

+(−2rtq + q − c

r
)S)∂θ,

(2.8.111)
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f(q + ct) : 2γσ2erT t2∂t − 2cγσ2erT t2∂q+

+(S2γσ2erT t+ (γσ2erT )2e−rt(−2
c

r
t2 − 2

c

r2
t))∂S+

+((γσ2erT (−2rqt2 + 2tq − 2c

r
t− 2c

r2
)− 2µtert)S + ertS2−

−σ2tert + µ2t2ert + µγσ2erT (t2
2c

r
+

2c

r2
t)+

+(γσ2erT )2e−rt(t2(
c2

r2
− 2cq

r
) + t(

2c2

r3
− 2cq

r2
) +

c2

r4
) + 2rγσ2erT t2θ)∂θ.

(2.8.112)

Äëÿ íóæä ïðîâåðêè ñ÷èòàþòñÿ ïðîäîëæåíèÿ îïåðàòîðîâ

d(q + ct) : rert∂θt, (2.8.113)

n(q + ct) : (rertS + γσ2erT (q − c

r
)− rµtert − µert − θS(γσ2erT ))∂θt + ert∂θS+

+γσ2erT t∂θq ,

(2.8.114)

b(q + ct) : ∂θq , (2.8.115)

h(q + ct) : (rθt − cθSγσ2er(T−t) + cγσ2er(T−t)(q − c

2r
))∂θt+

+(c− rq + rθS)∂θS + (−rS + rθq −
c

r
γσ2er(T−t))∂θq + rθSS∂θSS ,

(2.8.116)

w(q + ct) : ∂θS , (2.8.117)

g(q + ct) : (2rθ + µ(q +
c

r
) + γσ2er(T−t)(qt2c− tc

2

r
− q c

r
)+

+2rtθt − 2θt + 2cθq − θS(µ+ γσ2er(T−t)(2ct− c

r
))− 2rqS)∂θt+

+(−2rtq + q − c

r
+ 2rtθS − θS)∂θS + (2rt− 2)θSS∂θSS+

+(µt+ γσ2er(T−t)(−2ct

r
− c

r2
) + S(1− 2rt) + 2rtθq)∂θq

(2.8.118)
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Ïðîäîëæåíèÿ äëÿ f(q + ct)

ηt = (γσ2erT (−4rqt+ 2q − 2c

r
)− 2µert − 2rµtert)S + rertS2−

−rσ2tert − σ2ert + rµ2t2ert + 2µ2tert + µγσ2erT (t
4c

r
+

2c

r2
)+

+(γσ2erT )2e−rt(t2(2cq − c2

r
)− 2cq

r
t+

c2

r3
− 2cq

r2
) + 4rγσ2erT tθ+

+2rγσ2erT t2θt − θt4γσ2erT t+ θq4cγσ
2erT t−

−θS(S2γσ2erT + (γσ2erT )2e−rt(2ct2 − 2
c

r
t− 2

c

r2
)),

(2.8.119)

ηS = γσ2erT (−2rqt2 + 2tq − 2c

r
t− 2c

r2
)− 2µtert + 2ertS + 2rγσ2erT t2θS−

−2γσ2erT tθS,

(2.8.120)

ηq = γσ2erT (−2rt2 + 2t)S + (γσ2erT )2e−rt(−t2 2c

r
− t2c

r2
) + 2rγσ2erT t2θq,

(2.8.121)

ηSS = 2ert + θSS(2rγσ2erT t2 − 4γσ2erT t). (2.8.122)

2.9. Ñâåäåíèå M ê óðàâíåíèþ òåïëîïðîâîäíîñòè

Âûïèñûâàåì óðàâíåíèå (2.8.20)

((µ− rS)(v − cu)− γσ2er(T−u)(v − cu)2/2)γMer(T−u)+

+rM − (µ− γσ2er(T−u)(v − cu))MS −Mu −
1

2
σ2MSS = 0.

(2.9.1)

Ãëàâíàÿ öåëü ñîêðàòèò S ñòîÿùóþ ïðè M . Âñå îñòàëüíîå ñîêðàùàåòñÿ çàìå-

íîé âèäà S̃ = S + a(t), M = M̃b(t). Äåëàåì çàìåíó

M = M̃eSγe
r(T−u)(v−cu)+ru. (2.9.2)

Åãî ïðîèçâîäíûå

MS = eSγe
r(T−u)(v−cu)+ru(M̃S + M̃γer(T−u)(v − cu)), (2.9.3)

MSS = eSγe
r(T−u)(v−cu)+ru(M̃SS + 2M̃Sγe

r(T−u)(v − cu) + M̃γ2e2r(T−u)(v − cu)2),

(2.9.4)
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Mu = eSγe
r(T−u)(v−cu)+ru(M̃u − rSM̃γer(T−u)(v − cu) + rM̃ − cSM̃γer(T−u)).

(2.9.5)

Ïåðåä ïîäñòàíîâêîé ïåðåãðóïïèðóåì óðàâíåíèå (2.9.1), âûíåñåì îáùèé ìíî-

æèòåëü −1
2σ

2 è µ

−rS(v − cu)γMer(T−u) + rM −Mu − µ(MS − γ(v − cu)Mer(T−u))−

−1

2
σ2(MSS − 2γer(T−u)(v − cu)MS + γ2e2r(T−u)(v − cu)2M) = 0.

(2.9.6)

Òàê êàê ýêñïîíåíòó exp(Sγer(T−u)(v− cu) + ru) ñîäåðæàò âñå ñëîãàåìûå îäèí

ðàç, òî ìîæíî ïîäñòàâëÿòü óæå áåç ýêñïîíåíòû

−rS(v − cu)γMer(T−u) + rM − M̃u + rSM̃γer(T−u)(v − cu)− rM̃ + cSM̃γer(T−u)−

−µ(M̃S + M̃γer(T−u)(v − cu)− γ(v − cu)er(T−u)M̃)−

−1

2
σ2(M̃SS + 2M̃Sγe

r(T−u)(v − cu) + M̃γ2e2r(T−u)(v − cu)2−

−2γer(T−u)(v − cu)(M̃S + M̃γer(T−u)(v − cu)) + γ2e2r(T−u)(v − cu)2M̃) = 0.

(2.9.7)

Ñîêðàùåíèå äàñò

−M̃u + cSM̃γer(T−u) − µM̃S −
1

2
σ2M̃SS = 0. (2.9.8)

Äàëåå äåëàåì çàìåíó

M̃ = Ke−
c
rSγe

r(T−u)
. (2.9.9)

Åãî ïðîèçâîäíûå

M̃u = (Ku + cSγer(T−u)K)e−
c
rSγe

r(T−u)
. (2.9.10)

M̃S = (KS −
c

r
γer(T−u)K)e−

c
rSγe

r(T−u)
. (2.9.11)

M̃SS = (KSS − 2
c

r
γer(T−u)KS +K

c2

r2
γ2e2r(T−u))e−

c
rSγe

r(T−u)
. (2.9.12)

Ïîäñòàíîâêà â (2.9.8) ñ óæå ñîêðàùåííîé ýêñïîíåíòîé äàåò

−Ku − cSγer(T−u)K + cSKγer(T−u) − µ(KS −
c

r
γer(T−u)K)−

−1

2
σ2(KSS − 2

c

r
γer(T−u)KS +K

c2

r2
γ2e2r(T−u)) = 0.

(2.9.13)
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Ñëåäîâàòåëüíî ïîñëå ñîêðàùåíèÿ âûðàæåíèé ñ S îíî ïåðåõîäèò â

−Ku +K(µ
c

r
γer(T−u) − σ2c2

2r2
γ2e2r(T−u)) + (−µ+ σ2 c

r
γer(T−u))KS −

1

2
σ2KSS = 0.

(2.9.14)

Ìåíÿåì çíàê

Ku +K(−µc
r
γer(T−u) +

σ2c2

2r2
γ2e2r(T−u)) + (µ− σ2 c

r
γer(T−u))KS +

1

2
σ2KSS = 0.

(2.9.15)

Ñëåäóþùàÿ çàìåíà

K = K̃e−µ
c
r2
γer(T−u)+σ2c2

4r3
γ2e2r(T−u). (2.9.16)

Ïðîèçâîäíûå ïî K

Ku = (K̃u + (µ
c

r
γer(T−u) − σ2c2

2r2
γ2e2r(T−u))K̃)e−µ

c
r2
γer(T−u)+σ2c2

4r3
γ2e2r(T−u),

(2.9.17)

KS = K̃Se
−µ c

r2
γer(T−u)+σ2c2

4r3
γ2e2r(T−u), (2.9.18)

KSS = K̃SSe
−µ c

r2
γer(T−u)+σ2c2

4r3
γ2e2r(T−u). (2.9.19)

Ïîäñòàíîâêà äàñò

K̃u + (µ
c

r
γer(T−u) − σ2c2

2r2
γ2e2r(T−u))K̃ + K̃(−µc

r
γer(T−u) +

σ2c2

2r2
γ2e2r(T−u))+

+(µ− σ2 c

r
γer(T−u))K̃S +

1

2
σ2K̃SS = 0.

(2.9.20)

Ïîñëå ñîêðàùåíèÿ ñòîÿùèõ ïðè K̃ ïîëó÷àåòñÿ

K̃u + (µ− σ2 c

r
γer(T−u))K̃S +

1

2
σ2K̃SS = 0. (2.9.21)

Ñëåäóþùàÿ çàìåíà

y =

√
2

σ
(S − c

r2
γσ2er(T−u) − µu). (2.9.22)
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Ïðîèçâîäíûå

K̃S =

√
2

σ
K̃y,

K̃SS =

√
2

σ
K̃yy,

K̃u =

√
2

σ
K̃u +

√
2

σ
(
c

r
γσ2er(T−u) − µ)K̃y.

Ïîäñòàíîâêà äàåò

K̃u + K̃yy = 0. (2.9.23)

Ïîñëåäíÿÿ çàìåíà

ũ = −u. (2.9.24)

Ìåíÿåò ïðîèçâîäíóþ òîëüêî ïî u è ñëåäîâàòåëüíî ïîëó÷àåòñÿ óðàâíåíèå òåï-

ëîïðîâîäíîñòè

−K̃ũ + K̃yy = 0. (2.9.25)

Ê åãî ðåøåíèþ K̃(ũ, y, v) ïîñëåäîâàòåëüíî ïðèìåíÿåì ñíà÷àëà îáðàòíûå çà-

ìåíû (2.9.24), (2.9.22), (2.9.16), (2.9.9) è ïîëó÷àåì

M̃ = K̃(−u,
√

2

σ
(S − c

r2
γσ2er(T−u) − µu), v)e−µ

c
r2
γer(T−u)+σ2c2

4r3
γ2e2r(T−u)− c

rSγe
r(T−u)

.

(2.9.26)

Ïðèìåíåíèå (2.9.2) äàåò

M = K̃(−u,
√

2

σ
(S − c

r2
γσ2er(T−u) − µu), v)e−µ

c
r2
γer(T−u)+σ2c2

4r3
γ2e2r(T−u)− c

rSγe
r(T−u)·

·eSγer(T−u)(v−cu)+ru.

(2.9.27)

Âçâðàùàåìñÿ ó ïåðåìåííûì t, q (2.8.11)

M = K̃(−t,
√

2

σ
(S − c

r2
γσ2er(T−u) − µt), q + ct)·

·e−µ
c
r2
γer(T−t)+σ2c2

4r3
γ2e2r(T−t)− c

rSγe
r(T−t)

eSγe
r(T−t)q+rt.

(2.9.28)
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Ñëåäîâàòåëüíî âñïîìèíàÿ ãðóïïû (2.8.106)-(2.8.112) òî ðåçóëüòàò ôîðìóëè-

ðóåòñÿ â âèäå òåîðåìû

Òåîðåìà 2.9.1. Áàçèñ îñíîâíîé àëãåáðû Ëè äëÿ óðàâíåíèÿ θt = rθ + (µ −
rS)q − µθS − σ2θSS/2− γσ2er(T−t)(θS − q)2/2 + cθq îáðàçóþò îïåðàòîðû

X1 = dert∂θ, (2.9.29)

X2 = nγσ2erT t∂S + n(ertS + (γσ2erT (tq − c

r
t− c

r2
)− µtert))∂θ, (2.9.30)

X3 = b∂S + b(q − c

r
)∂θ, (2.9.31)

X4 = h∂t − h
c

r
γσ2er(T−t)∂S+ (2.9.32)

+h(rθ + (c− rq)S + µ
c

r
+ cγσ2er(T−t)(−q

r
+

c

2r2
))∂θ, (2.9.33)

X5 = w∂q + wS∂θ, (2.9.34)

X6 = g2t∂t − g2ct∂q + g(S + (µt+ γσ2er(T−t)(−2
c

r
t− c

r2
)))∂S+

+g(2rtθ + µ(tq + t
c

r
) + γσ2er(T−t)(−qt2c

r
+ t

c2

r2
+
c2

r3
− cq

r2
)+

+(−2rtq + q − c

r
)S)∂θ,

(2.9.35)

X7 = f2γσ2erT t2∂t − f2cγσ2erT t2∂q+

+f(S2γσ2erT t+ (γσ2erT )2e−rt(−2
c

r
t2 − 2

c

r2
t))∂S+

+f((γσ2erT (−2rqt2 + 2tq − 2c

r
t− 2c

r2
)− 2µtert)S + ertS2−

−σ2tert + µ2t2ert + µγσ2erT (t2
2c

r
+

2c

r2
t)+

+(γσ2erT )2e−rt(t2(
c2

r2
− 2cq

r
) + t(

2c2

r3
− 2cq

r2
) +

c2

r4
) + 2rγσ2erT t2θ)∂θ.

(2.9.36)

ãäå d, n, h, b, w, g, f - ïðîèçâîëüíûå ôóíêöèè àðãóìåíòà q + ct. È

X8 = K̃(−t,
√

2

σ
(S − c

r2
γσ2er(T−u) − µt), q + ct)·

·e−µ
c
r2
γer(T−t)+σ2c2

4r3
γ2e2r(T−t)− c

rSγe
r(T−t)

eSγe
r(T−t)q+rt−γer(T−t)θ∂θ

(2.9.37)

ãäå K̃(ũ, y, v) - ðåøåíèå óðîâíåíèÿ òåïëîïðîâîäíîñòè K̃ũ = K̃yy.
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Ãðóïïû äëÿ F = 0 áóäóò

X1 = dert∂θ, (2.9.38)

X2 = nγσ2erT t∂S + n(ertS + γσ2erT tq − µtert)∂θ, (2.9.39)

X3 = b∂S + bq∂θ, (2.9.40)

X4 = h∂t + h(rθ − rqS)∂θ, (2.9.41)

X5 = w∂q + wS∂θ, (2.9.42)

X6 = g2t∂t + g(S + µt)∂S + g(2rtθ + µtq + (−2rtq + q)S)∂θ, (2.9.43)

X7 = f2γσ2erT t2∂t + fS2γσ2erT t∂S+

+f((γσ2erT (−2rqt2 + 2tq)− 2µtert)S + ertS2 − σ2tert + µ2t2ert+

+2rγσ2erT t2θ)∂θ.

(2.9.44)

ãäå d, n, h, b, w, g, f - ïðîèçâîëüíûå ôóíêöèè àðãóìåíòà q. È

X8 = K̃(−t,
√

2

σ
(S − µt), q)eSγer(T−t)q+rt−γer(T−t)θ∂θ (2.9.45)

ãäå K̃(ũ, y, v) - ðåøåíèå óðîâíåíèÿ òåïëîïðîâîäíîñòè K̃ũ = K̃yy.

2.10. Ñâåäåíèå óðàâíåíèÿ ïðè F ′′ = 0 ê óðàâíåíèþ òåïëîïðîâîäíî-

ñòè

Ðàññìîòðèì óðàâíåíèå

θt = rθ + (µ− rS)q − µθS −
1

2
σ2θSS −

1

2
γσ2er(T−t)(θS − q)2 + cθq. (2.10.1)

Äåëàåì çàìåíó θ = Sq + ertϕ. Åãî ïðîèçâîäíûå

θt = rertϕ+ ertϕt, (2.10.2)

θS = q + ertϕS, (2.10.3)

θSS = ertϕSS, (2.10.4)

θq = S + ertϕq. (2.10.5)
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Èõ ïîäñòàíîâêà äàåò

rertϕ+ ertϕt = r(Sq + ertϕ) + (µ− rS)q − µ(q + ertϕS)− 1

2
σ2ertϕSS−

−1

2
γσ2er(T−t)(q + ertϕS − q)2 + cS + certϕq.

(2.10.6)

Ïîñëå ñîêðàùåíèÿ ïîëó÷èòñÿ

ertϕt = −µertϕS −
1

2
σ2ertϕSS −

1

2
γσ2er(T+t)ϕ2

S + cS + certϕq. (2.10.7)

Ñîêðàùàåì íà e−rt

ϕt = −µϕS −
1

2
σ2ϕSS −

1

2
γσ2erTϕ2

S + cSe−rt + cϕq. (2.10.8)

ïðèìåíÿåì ê íåìó çàìåíó ϕ = ln y/(γerT ). Åãî ïðîèçâîäíûå

ϕt =
yt

yγerT
, (2.10.9)

ϕS =
yS

yγerT
, (2.10.10)

ϕq =
yq

yγerT
, (2.10.11)

ϕSS =
ySS
yγerT

− y2
S

y2γerT
. (2.10.12)

Âûíåñåì −1
2σ

2 è ïîäñòàâèì ïðîèçâîäíûå

yt
yγerT

= −µ yS
yγerT

− 1

2
σ2(

ySS
yγerT

− y2
S

y2γerT
+ γerT (

yS
yγerT

)2) + cSe−rt + c
yq

yγerT
.

(2.10.13)

Äîìíîæåíèå íà yγerT äàåò

yt = −µyS −
1

2
σ2ySS + cSγer(T−t)y + cyq. (2.10.14)

Äàëåå ïðèìåíÿåì çàìåíó (2.8.11)

yu = −µyS −
1

2
σ2ySS + cSγer(T−u)y. (2.10.15)
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Ïîëó÷èëîñü óðàâíåíèå àíàëîãè÷íîå (2.9.8) ñ çàìåíîé (2.9.26). Ïðèìåíÿåì ê

(2.9.26) çàìåíó (2.8.11) è ïîëó÷àåì

y = K̃(−t,
√

2

σ
(S − c

r2
γσ2er(T−t) − µt), q + ct)e−µ

c
r2
γer(T−t)+σ2c2

4r3
γ2e2r(T−t)− c

rSγe
r(T−t)

.

(2.10.16)

Äàëåå ñ÷èòàåì ln y

ln y = ln(K̃(−t,
√

2

σ
(S − c

r2
γσ2er(T−t) − µt), q + ct))− µ c

r2
γer(T−t)+

+
σ2c2

4r3
γ2e2r(T−t) − c

r
Sγer(T−t).

(2.10.17)

Äàëåå ïîäñòàâëÿåì åãî â θ = Sq + ert ln y/(γerT )

θ = Sq +
ert

γerT
ln(K̃(−t,

√
2

σ
(S − c

r2
γσ2er(T−t) − µt), q + ct))− µ c

r2
+

+
σ2c2

4r3
γer(T−t) − c

r
S.

(2.10.18)

ãäå K̃(ũ, y, v) ðåøåíèå K̃ũ = Kyy. È ñëåäîâàòåëüíî çàìåíà èìååò âèä

θ = Sq − µ c
r2

+
σ2c2γ

4r3
er(T−t) − c

r
S +

ert

γerT
lnK,

u = −t, v = q + ct,

y =

√
2

σ
(S − c

r2
γσ2er(T−t) − µt).
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